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Abstract
In this paper we investigate the combinational complexity of Boolean

3 : . . n y :
functions satisfying a certain property, P A function of n variables

§
k,m

has the P; o property if there are at least m functions obtainable from
. :

each way of restricting it to a subset of n-k variables. We show that the

complexity of a P; s function is no less than 72"4,
2

and this bound cannot

. p n
be much improved. Further, we find that for each k, there are

k. ok functions

with complexity linear in n.

wile




I. Introduction

The size of combinational networks, or equivalently the length of
straight-line programs, provides a measure of complexity for Boolean functions
which reflects the difficulty of computing them (cf. [S8a72]). A well~known
result due to Shannon [Sh49] and Lupanov [Lu58] establishes that almost all (in a
precise sense which we shall not describe) Boolean functions of n variables
have combinational complexity assympototic to 2%/n. Ehrenfeucht [Eh72]7,

Meyer [Me74a] and Stockmeyer [St74] have shown recently that particular Boolean
functions which encode finite portions of a variety of decision problems from
mathematical logic and automata theory have exponential combinational complexity,
However, the proof technique used there does not appear likely to yield lower
bounds on the combinational complexity of functions whose complexity is bounded
by polynomials in the number of variables.

In this paper we investigate a property which reflects a way in which a
function depends on subsets of its variables, and we obtain small but non-

trivial linear lower bounds on the combinational complexity of functions with
the property. Similar properties have recently been investigated by Schnorr

[Sc74], who also obtains small linear lower bounds on combinational complexity,
and by Neciporuk [Ne66], who obtains roughly quadratic lower bounds on the

size of Boolean formulas.

A function of n variables has the P; i property if there are at least
2

m different functions obtainable from each way of restricting it to a subset
of n-k variables., (Precise definitions appear in Section II, below.) Let

n z s
C(Pk m) be the least number of two input gates sufficient to construct

3

g " I
combinational networks for one of the functions in Pk o

3
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n n :
In Section II1 we prove c(P1 ,) = n-1 and g 3) = n. In Section 1V
n n-4 y " ’
we show c(.o3 5) == by deriving simple structural comstraints on networks
3

’ n ; - g ; :
computing P3 5 functions and then translating these constraints into a linear
b

programming problem. 1In Section V we show that c(Pg 5) < (20n-1)/17 by
2

exhibiting networks for PB - functions. Since Toel 1.167n and
20n- ’
13 LYS 1.176n, the bounds are fairly close. In SectionVI we consider the

Pk ok functions. We present a simple Pk ok function due to M. Rabin. Using
3 )
this function as the basis, we then show constructively that there are

infinitely many Pk ,k functions with linear complexity.
o2

11. Definitions and Preliminaries

We review the formal definitions of combinational networks and the

functions they compute.

A binary combinational network, or simply a network, is a directed node-

labelled acyclic gl'a.ph?Z such that

(i) each node of 7 has in-degree either 0 or 2, and arcs entering a node

of in-degree two are ordered so we may speak of the first and second input

arcs of a node,

(ii) each node ofql with in-degree two is labelled with a Boolean function
of two arguments, and each node with in-degree zero is labelled with a distinct
variable, and

(iii) there is a unique node with out-degree 0 which is called the output

node of?L

A node o with in-degree two is called a gate. The node in?1L that connects
to ¢ through the first (resp. second) input arc to ©® is called the first

(resp. second) input node to ®. Similarly, the out-going arcs from a node ©




are called the output arcs from @, and the nodes that have ¢ as an input

node are called the output nodes of ©. Suppose ¢ and { are nodes in ﬂh

such that there is a directed path ijl?l from ® to §, then ¥ is called a

source node to ¢, and |y is called a successor node to ®. We consider ® to be

a source node and a successor node to itself. A gate with out-degree k is
represented schematically in Figure 1 with the associated Boolean function

written inside the half-disc.

Figure 1. A gate with fan-out k

A node with in-degree 0 is called a variable node. A variable node with

out-degree k is represented schematically in Figure 2,

Figure 2. A variable node with fan-out k

In a network with variable nodes labelled KysenesX s the variable node

labelled with variable X, is said to compute the projection function

U?(xl,...,xn} = X Proceeding inductively, a gate ¢ labelled with a
"



Boolean function h of two arguments is said to compute the function

ﬁn(xl,...,xn) = h(r (XI""’X Yabo £% 55 em. YY) where o

el ntp, n 12 By B fQ’J

2
are the first and second input nodes to ¢ and the functions they compute.

The network as a whole will be said to compute the function associated in

this way with the output node.

For example, the network7%_in Figure 3 computes the function

f(xl,xz,x3) = %y A (x2 @ x3). (We use & to denote sum moduleo 2.) Note that

the network719 also computes f.

x2/\x|)EB(x Axg)=f

x/\x

X2 i L

7 @

Figure 3. Two networks for Xy A (x2 @ x3)

The combinational complexity, e¢(M), of a network?Z is the total number

of gates 1n{h. The combinational complexity, c(f), of a finite Boolean

function f, is the minimum of c(}), where n ranges over all networks

computing f. Also, the combinational complexity, c (%), of a family &

of Boolean functions is the minimum of ¢(f), where f ranges over

all functions in %,
Let X = (xl,...,xk) be a k-tuple of variables. A = (al,...,ak) with
a; € {0,1) is called an assignment of X. We also use A(xi) to denote as,

the value assigned to Xy by A. For a Boolean function f, fi is the function

of the variables not in X obtained from f by setting each X, e X to a, . We
use ff } to denote [fA : A is an assignment of X}, and {fé’k} to denote the
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X

A A is an assignment of X). (This latter notation is used only

: X,
family {fB’
when X and Y are disjoint.) We say f depends on x if fg # fT. V(f) is the

set of variables upon which f depends.

Definition: A Boolean function f is said to have the Pz property if
B — m

—
=k, [V(D)] = d f i i x ¢
n s |VE) n, and for every set X of k variables in V(f), f{f }[ 2 i
Note that f has the PT , property if and only if |V(f)[ = n.
: n . n n
We shall use 'f ¢ Pk,m' o V€ s Pk,m' to mean f has the Pk,m property.
O; will denote the family of all Boolean functions with the PO property
,m k,m !
Pt Il 5 . -
and Pk,m =$gk ?k’m. Networks are said to be Pi,m if they compute functions

with this property.

S
Lemma 2.1. £ ¢ PP = £ @ P
k,m k-1, [m/21°

. r _ n
Proof: Let f be a Boolean function with |V(f)| = JE€F E Pk-l,fm/Z]’ then

there is a set Y of k-1 variables in V(f) such that l(fY]| < [m/2]-1. Hence,

|(fi’Y}i < [m/21-1 for any set X of variables and assignment A of X. But

then for any x in V(f) - Y, [fx’Y} = {fS’Y} U [fT’Y) has at most
Q. E.D.

2(fm/21-1) < m-1 members, i.e. £ £ P _.
k,m

-T
|S| denotes the cardinality of a set S.

1T
[z]1 denotes the least integer greater than or equal to a number z.




The Weak Duality Theorem in linear programming will be used in Section

IV to obtain a complexity lower bound for Pg s functions. For the reader's
3

convenience we state the Theorem below.

x which

Suppose the primal problem () is to find real values for Kpseons X

Il
minimize 7 = ) cj Xj F
=1
subject to . By £ = Bb_ for i € 8,
j=l l:j | 1
n —
L B X, @ by for L€ B .
EME = ILyosam?
and x, 20 fer 1 € P,
x, unconstrained in sign for 1 € P,
Puﬁzil'---|n]}'c

Then the dual (Sﬁ) to () is to find real values for

yl P e e s g ym Which

m
maximize v o= E ¥3 b4
i=1
m
subject to B W dy ® By 3
e Yy ij j o Jje P,
m
7 sy < g ., .
e yi i oo %3 ] € P,




and ¥ = 0 for i € E, y; unconstrained in sign for

L & Ebu
Theorem (Weak Duality) If X = (;{l""’;n) and
v = (S?l,..., ?m) are feasible solutions to (& ) angd

(H ), then

For a reference on duality in linear programming, see any standard text

on linear programming, for example, Lasdon [La70].

; n n
III. Values for C(FI,Z) and c(P2,3)

In this section we investigate c(PT 2) and c(Pg 3). By simple
2 . )
combinatorial arguments, we show that c(P? 2) Z n-1 and c(Pg 3) 2 n. We then

demonstrate by construction that these bounds are indeed realizable,

Lemma 3.1. (i) f € @? 5 = elEy = el

(ii) £ € Pr; 5 S ElE) 2 m
s




Proof: Let f be a Boolean function with |V(f)| = n. Let?l be a network
computing f, iG} the number of gates in'f and lV{ the number of variable
nodes in72. Obviously lvl Z n.

Note that the total number of input arecs inﬁq = the total number of

output arcs in??. Also, every gate inM has two input arcs, so the total

number of input arcs inll = 2|6

(i) Suppose f € PT - By definition every node except the output node
’ 3
of N has out-degree = 1. Thus the total number of output arcs in /L =
(the total number of nodes in?l) - 1= |G| + IVI =1 = |G| +n - 1. Thus

2lcl = |¢| +n - 1, and hence e = |g| 2a s 1

Il

>3- Thaancannot have a "subnetwork' of the form in
3

(ii) Suppose f ¢ P

Figure 4. k

Figure 4, A Forbidden subnetwork for ?

2,3

That is, if two variable nodes are inputs to the same gate, then at least one
of them is also an input to some other gate. For if X, Xi are input nodes to
the gate ¢ only, then we can obviously express f(xl,...,xn) as

...,yn_z) where h(z,y

h(ﬁp(xi’xj)’ i 1,...,yn”2) is some Boolean function of
n-1 variables, f  is the function labelling gate ¢, and YyseeesY o are in

N Xi’xj z z 2 :
( 8% = d 1- C = - -
(%5 ’Xn} {xi,xjJ Hence (£ ] {h™) {ho, hl) and has cardinality

at most two, contradicting the assumption that f ¢ PZ 3

Now since networks are acyclic, there is in any network one gate both of

whose input nodes are variables. Thus since)i cannot have a subnetwork of
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the form in Figure 4, there is at least one variable node hnqlwith out-degree
two. Hence the total number of output arcs ingh 2 (total number of gates) +
(total number of variable nodes + 1) - 1 = |G! + |V| = IGI +n.

Therefore 2‘Gi 2 [GJ +n, and so c(f) 2 IGI = IS 0.E.D.

Theorem 3.1. C(Pn Yy =mq = 1.

1;2
5 n
Proof: & X, is obviously Pl 2 and realizable with n-1 gates labelled with
i=1 2
the function %=. 0. E.Ds

We now proceed to develop the upper bounds on c(P2 3).
2

Lemma 3.2, Let h be a Boolean function, let g(x,y) be a Boolean function which
depends on the variable y, and suppose f = g(x,h) with x ¢ V(h). Further,
suppose X is a set of variables in V(h) and Al,A2 are assignments of X such

X X X X
that hA # hA . Then fA Z fA y

i 2 il 2
Proof: Since hf # hi , Wwe can by symmetry suppose that there is an assignment
1 2
B of ¥(h) - X such that K O E o 0. VMR | 1 Bur then
Al’ B A2, B

AT = -
fk’\(h) % 5 gi(x,0) # gix,1) = fX’V(h) * since g(x,y) depends on vy.

Al’ B Ay, B

Hence fx # fk
b By

. Q.E.Dx

Lemma 3.3, Suppose f is Pz 3 such that fz # 0 for any variable y and
constant a. Let x be a variable not in V(f). Then x A f is also PZ 3 with

the property that (x A f)g £ (x A E) ? for any variable y.




w T

Proof: First we show that (x A f) g F (x A f)¥ for any wvariable y. If{ y = x,

then (x A f) T = E, while (x A f)g = 0. But f # 0 because f is Pz 3 T
y :lé X, theﬂ (X /\ f) g’é = O While (X A f) ?lr’g = 1_ }lence again (X A f) g #
(x A f) g.

Now we show that x A f is PZ 3 Let X be a set of two variables in

Vix A E); we show that [{{x A HHFI| = 3. 1£ X CU(f), then |{£59] 2 3

because f is P and hence by Lemma 3.2, 1[(x A f)X} = 3

2. 32
P i - K _vad & m
If X = {x,y} for some y € V(£f), then {(x A £)7) = {fo, fl’ 0. Now
¥y EN(E), so fg # f?. Also, by assumption, fg and f? are non-zero. Hence

there are three distinct members of {(x A f)X}. 05T T

¥

Lemma 3.4. Suppose f is P with the additional property that fo # Ei

253
for any variable y. Let x be a variable not in V(f). Then x @ f is also

Pz 3 such that (x @ f) z # 0 for any variable y and constant a.

Proof: First note that (x @ f)i # 0 for any variable y and constant a because
f is nonconstant and so in order to set x ® f to a constant we have to set x

and at least one variable in f to constants.

Now we show that x ® f is Pz 3 Let X be a set of two variables in

2

V(x @ £); we show |[(x® 5] = 3.

If X CV(f), then J{fx}[ 2 3 by assumption. Thus by Lemma 3.2

ltx® %] = 3.
If X = (x,y] for some y € V(f), then ((x @ £) = (£} U (F). But
|{fy}| = l(§y1l = 2 gince y € V(f), and {fy] n [Eyl = § by assumption.

Thus l{(x @ f)X}i =4 in this case. Q.E.D.
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e n
Theorem 3.2. c(P, 3) =n for n 2 3,
~3
. . fis e n - . g
Proof: By lemma 3.1, it suffices to exhibit a P, . f[unction realizable inn

2,3

gates for every n 2 3,

Let f3 be the function computed by the network in Figure 5,

Figure 5. A Pg 3 network

It is easy to verify that f3 is Pg 3 and fZ # 0 for any variable y and

constant a.

> 1 = A i i 1
For n 2 2, define f2n f2n-1 x where x is a new variable not in V(on—l)’

and f2n = f, @y where y is a new variable not in V(fzn). Then by induction

+1 2n

using Lemmas 3.3 and 3.4, it is obvious that f is P® _ and c(E ) = n for all
2 n 2.3 n

n 2 3, Q.E.D,

n

3,5)'

Iv. A lower Bound for c (P

Let f be a Pg 5 function,:h a minimum gate network computing f, V the
3
set of variable nodes in’h.and G the set of gates inQQ. Assume f depends on all
its arguments so V = V(f) and [Vl = n. Note that for any gate o,

the two input arcs to ©® are from different nodes, for otherwise with appropriate




wifi s

modification to the Boolean functions associated with the other gates, we
can eliminate ©, and.ﬁ?\ﬂould not have had a minimum number of gates.

We classify the gates in:n into three types:

3

(1) © is of Apff-type, or ¢ € Ap{(q where p2 1, q 21, k= 0, if

® has out-degree k, and the first and second input nodes to ¢ are variable

nodes with out-degree p and q, respectively. With appropriate modification

to  if necessary, we can suppose that p 2 q (if p < q, we can use ®' to

replace ¢, where ©'(a,b) = ©(b,a); the resulting network still computes f).

(2) 9 is of Bi-type, or € Bi, where p =2 1 and k =2 0, if ¢ has out-degree k,

one of the input nodes to © is a variable node with out-degree p and the

other input node is a gate,

By the same reasoning as in (l), we can suppose

that the variable input node is the first input node.

(3) © is of C, ~-type, or v € C,, where k =2 0, if @ has out-degree k and both
k" -7P k

input nodes to ® are gates.

The Ap;q, BE and Ck gates are illustrated schematically in Figure 6.

Figure 6. Three gate types




T

Lemma 4.1. The following restrictions on the local structure of 7] must hold:
(a) No Alil-type gate occurs in4h, i.e. no sub-network of the form in Figure 4.
(b) 1If a B%-type gate © is an input node to another B}-type gate {, then ¥

1 i
cannot be an input node to Bk-type gates, for k 2 0, i.e. no subnetwork of the

form in Figure 7.

Figure 7. Condition (b), a forbidden subnetwork for P3 5
— —,

Ps1_ ; 1 ;
(c¢) An A1 type gate cannot be the input node to a Bk type gate, i.e., no

subnetwork of the form in Figure 8.

Figure 8. Condition (c), a forbidden subnetwork for P3 5

(d) A variable node of out-degree 2 cannot be an input node of both an

Ai’l-type gate and an Azgl-type gate for j 2 0, k 2 0, i.e. no subnetwork
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of the form in Figure 9.

Figure 9. Condition (d), a forbidden subnetwork for P3 5
2

Proof:

In Lemma 3.1 (ii) we proved that condition (a) was satisfied by P2 5

networks. But P implies P by Lemma 2.1, so (a) is proved. We now

3,5 2.3

prove (c¢), leaving the similar proofs of (b) and (d) to the reader.
. Pl ’ 7 . .
Suppose © is an A T -type gate 1in 2 and ® is an input node to a
[y
Bi-type gate infl, Let Xy o Xy be the variable input nodes to ¢ and Xj the
variable input node to {¢. Then we can express f(xl,...,xn) as h(fw(xj,
gp(xk,xi)), yl,...,yn_z) where h(z,yl,...,yn_z) is some Boolean function of
n-1 variables, £ and f, are the functions labelling ¢ and V¥, and
i v 5 g% z
9 j’xk By

YysreesY o € {xl,...,xn} - [xixj]. Hence {f s } which

has cardinality at most four (since there are only four possible assignments

to (z,x )), contradicting the assumption that f is P3 5 Q.E.D.
>
From the restrictions (a) - (d) in Lemma 4.1 we will be able to deduce
that c¢(f) = IG] = Z%:ﬁ_ Note that (a) - (d) only concern the local

connectedness structure of?l. These local constraints imply linear inequalities

relating the number of Ap,q, Bi and Ck-type gates inﬁn which we use to derive

our lower bound on c(f).
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P59 P P>q p
Let a ks bk and 1 be the number of A ke Bk and Ck type of gates

inrfn respectively. Thus

6] = E oF2% 4 E 4P 45 & - (1)
p2q=1, p=1, k=0
k=0 k=0

Some of the variables in equation (I') can be eliminated. Note that
by Lemma 4.1(a), we have ai’l = 0 for all k 2 0. Also, in any network,
variables entering the unique output node must obviously have out-degree
exactly one, so ag’q =0 for p 2q & 1 and bg 0 for p = 2,

With these variables eliminated, we require a simplifying notation for
sums and unions over indices p,q,k. When the range of k is k 2 1, mention of

this range will be suppressed, as will be the range of p and q when this

range is defined by the pair of conditions p2gq21, pz 2,

Thus, under these conventions equation (I') becomes

le| = ak’q+ b + T 4P (1)
p=1 k=20

From Lemma 4.1, we obtain the following additional inequalities,

2

w 2,1
— k.

a i s 2.3 32’2

i ¥ b3 ap£2 +Zb

p=3

Lemma 4,2. (I1)
2,1 " . : :
Proof: An A . ~type gate has a unique variable input with out-degree 2.

Thus we can define a mapping

g: U Azil G

by g(®) = ' if the input variable node to ® of out-degree 2 is also an
input node to ©®'. By Lemma 4.1(d), @' cannot be an Azﬁl-type gate, so @' is

either of type AP’Z, p=2, k=1, or of type B2 k 2 1. Thus if we let

k,
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2 2
K= 1)aP2° U U B, then Range(g) C K.
n k k
p=2
Since each gate has at most two variable input nodes,
-1 ' - 1 : Vo . | p,2 U 2 :
g (o )| < 2 for all @' € K. Moreover, if &' is in ] A K U Bk’ then

p3

-1
®' has only one variable input node with out-degree 2, so |g (v'}| 5 L

Thus gul(a') = 2 only if @' € A2 Z for some k = 1,

’

k
1

The inequality (I1) now follows directly: Range(g) € K, so (g (@'

gives a partition of Domain(g) = U Azil, and hence
2.1 2,1 -1 -1
Tay = UAG ] = lU 7@ = Zls @yl s
@'eEK ®'eK

25a2"+ & a"l’(z + X bi. Q.E.D.
{3?‘3

fomns 3.9, B & Ebi+2( Eb{:+22c = X aPry (111)
k#1 p=2 k=0 p=2

Proof: A B}—type gate has only one output arc, so it has a unique output node.

> ’ ; : ; 1
Thus there is a unique node ©®' which is the first non-B1 successor node of a

B}-node .
1
1

w3/

1
Let = Bl be the family of B}-type gates which have Bi-type gates,

k # 1, as the first non-B} successor node.

1
Let E% = BI be the family of Bi-type gates which have BE-type, or Ck~type

gates, p =2 2, k = 0, as the first non-Bi successor node.

1 1 1

1~ ~1 _
Clearly B, =B, U By» and B) n 31 = g.
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Define

it
k

g El - B

e

o 1
by gitp) =" if @' is the First non-B1 successor node of . Note that if

g(n) = ', then by Lemma 4.1(b), © is in fact an input node to ®'. But a

1 . ;
Bk-type gate has only one input node which is a gate. Hence g is one-to-one,

and so
7] sk el 1 1
IB;] = [l s | usB | = Zb.
k#1 k#1
Let & = 7y : v is an arc from a gate to a Bi-type or Ck-type cate,

p =i ke 0,
Each Bi-type gate has one input arc connected to a gate, while a Ck—type

gate has both input arcs connected to gates, so

IG{= Ebp+22ct
p=2 k k=0 k

We can define a mapping

< Bl -+ QG

~ Nl
by g(p) = v if y is the input arec to the first non-Bi successor node @' of o
such that y is in the path from © to ¢'. By Lemma 4.1(b), if y ¢ G, then

-1
g (v) has at most two members, so

1‘ 1
< =
B, =2 e
An Ap’l-type gate @ also has a unique output arc and so a unique output

1

1
node. By Lemma 4,1(c), the output node of ¢ cannot be a Bk-type gate, so it

has to be either a C, ~type or a Bg-type gate for q 2 2 and k = 0, Hence the

k

output arc of ¢ is in (i, and we can define a one-one mapping




]9

B U APt g
it
pr2

by letting h(p) be the output arc of ¢. Thus

1 1
% aPrt = | uaPr = e UApiI)[.
pz2 p=2 p=2

Also, Aif vy € g(gj), then y is the output arc of some Bi-type gate, so

v £h( U AP’ Ly, Hence g(8Y) €6 - h( U AP2Y), and so
1 2\ 1
p=2 p=2
1 1 ,1
5] = 2lg@pl = 216] - [hC U AP
= pZ:2
-2(% BP+2Ze - EaPh.
p=2 k=0 p=2
Thus we conclude that
1 1, 1 1
1 P p,1
szbk+2(zbk+22ck»‘2a1) a0 1
k#1 p=2 k=0 p=2
Lemma 3.4. X kaP?9 1 Py - (1IV)
Lemma 3.4. kK =by + I (kDb + IAk-2)c, = 0.
p=1 k=0

Proof: Note that total number of output arcs from gates =

Z kapiq + T‘kbi + 5 kck. On the other hand, one input node to a Bintype
p=1

gate is a gate, and both input nodes to Ck-type gate are gates., Since each
arc from a gate is both an input arc and an output arc, the total number of
output arcs from gates = total number of input arcs that come from gates =

. Thus

1 P
bo 4+ EBR 2T €1

p=1 k=0
b3 kapliq & B kb}: + T ke = bé B bi +2 T e, and (IV) follovs.
p=1 p=l k=0

Q. E. D,
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7

lemma 3.5. n = |V| = total number of variable nodes in
11, p,9q 1 1.p
= = 4= b- + = .
)3(p+q)aR + By ):pbk (V)
p21

Proof: We assign weights to arcs inaq as follows. Each output arc of

a variable node with out-degree p is assigned weight %, and every other
arc is assigned weight 0. Evidently the sum of weights over the output
arcs from a variable node is p-% = 1, and the sum of weights over all
ares 1is n.

Now, an Ap’q-type gate © has two variable input nodes, one with out-degree

k
p and the other with out-degree q, and so the sum of weights over input arcs
to ® is % o %. Similarly, the sum of weights over input arcs to a BE-type
gate is %, and the sum of weights over input arcs to a Gk-type gate is 0.

Hence we also have the sum of weights over all arcs

= I (sum of weights over all input arcs to ®©)

0eG
—E(%+%)+E%+EO
AP’q - p C
k By k
1 1
= T+ 2aht 4 vy + rlg-b{z, and (V) follows. Q.E.D.
p= '

Finally, since 7 has only one node (the output node) with out-degree 0,

1 _ (VI)
bo + Gy = 1

With inequalities (I) = (VI) we are now ready to find a lower bound for

c(f).
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n-4

then c(f) = 6

Theorem 41. If f is Pg 5

" - n : ,
Froef  Suppose f ig @3 5 N is an optimal network
r

computing f, G is the set of gates in N, and alrq, P

K K

q
and ¢, are the number of Apé‘. Bg and Ck type gates in ?l.

P24 21, k >0, Then c(f) =[Gl, and 71 satisfies

inequalities (I) - (VI) above. Hence if z* is the z-valiie

of the optimalssclution to the following linear program

(®), then c(£f) > z=*,

(@) Minimize 2z = E a?' L Wl g bg R
K 0 p>1 K20
subject to inequalities (II) - (VI) above and also

itz forpeqal, pe 2 K21,
1
P
By & 0,
bi 20 forp=21, k=1, and
e =0 tor k= 0.
k

In fact, by the Weak Duality Theorem, if v is the
v-value of any feasible solution y to the dual ({y) of
(®), then ¢(f) > z* > v, Hence we only need to find

a feasible solution to the dual (&),

The dual () of (@) is as follows,




22~

(&) Maximize v = ny, + Ys
subject to
2 - + 3y < 3 2,1
“¥1 =2¥3 Y3 27k - (a=37)
2y, + + (1 + L) o< 1 p>3 (ap'l)
=Y Y3 'Yy = z 3
| - i 2,1
# {1+ 2) <1, p3gez (2P
2,2
2y, kyy + Yy <1, k2l (")
= < q >3, k>1 Py
yl ky3 + (5 * ‘2')Yq o ’ p__3! >, (a k )
8 8 5 ;
iy *+ (5 * §hn, <1, puzde2l (&P
Yo = Yo F ¥ ¥ ¥e = 1 ( bl )
2 3 H = 93 = 0
< 1
Yo ¢ (k—l)y3 + Yy < X, k=»2 ( b}l{ )
yy +eyp + (k-1l)ygy + byy <1, k2 ( by )
h




e

1

by, 2y 4 + §e & 1 ( ey )

| A

by, + (k-2)ys 1, k2l A

unconstrained 1n sign.

with ¥q = O ¥a = Oy and Y31 Yyr ¥g

A feasible solution to (&) is | ?l = 1418, ?2 =1/6,
§3 = ~1/3, §4 = 7/6, ?5 = -2/3}{*), which gives v = n(7/6)+
(-2/3) = (7n-4)/6. Thus c(f) > v = (7n-4)/6, Q.E.D.

In fact, the z¥*-value of the optimal solution to
(®) is (7n-4)/6. 1If we set all variables except az;l, bé,
bi , b? and ¢y to 0, and make all the inequalities into

equalities, then (({’) reduces to

z¥% = azil + bé % bi + bi ey
gubject to -~ azil + bi = Wy
-2a2il + bé - bi + 2bi + Mcl = 0,
azil - bé - & = 0,

(*) The values corresponding to y of the left-hand side of
the constraints in (%) are, in order, . 1, = 8/9, <1,
= 8/9, =<1, <13/18, <4/9, =1, =1, 51, =1, < 13/18, = 2/3 and < 1.



and all variables are non-negative,

Solving {he above system of linear equations, we

; 5 2 il X )
obtain azl'L = b1 of 15 bo =1, bl = hcl 4 1., and
_ n-4 B _ Tn-4
c, = ~z ¢ S0 2% = ?cl + 4 2= 3

‘The optimal solution to () contains some important

clues about the kind of gates to use in constructing

small networks for (P functions. The "low-cost” (@
3.5 35

networks described next were discovered using these clues.

We remark that our lower bound does not take into account the labels
of (operations performed by) the gates. Attending to these labels may
yield additional constraints on the numbers of different kinds and connections
of gates, and may thereby yield a slightly improved lower bound. However,

such an analysis appears to be quite tedious, and as the results to follow

will show, our bound cannot be much improved.
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n

V. Upper Bounds for c(P3 5

)

In this section we develop a procedure for generating new PB 5 functions
2

and networks from given P3 5 functions and networks. By an argument similar
3

9n-5
7

for infinitely many n; we also indicate how to obtain a slightly better

to the one used in Theorem 3.2, we prove in detail that c(Pg 5) <
]
upper bound of (20n- 1)/17.

Lemma 5.1. Suppose fl, f2, 81 and g, are Boolean functions such that
f1 # f2’ By # 0, g, # 0 and (V(fl) U V(fz)) n (V(gl) U V(gz)) = @. Then

&
£) A gy 7 £y N 8y

Proof: Let F = V(fl) U V(fz). Since f1 # f2, we can, by symmetry, suppose

that there is an assignment A of F such that

g P
(£.) = 0 and (fz)Aé k.

F - F _ B ;
Hence (f1 A gl) i 0 while (f2 A gz)A =1A 8y, = 85- But by assumption 89
5 " F F

w A
is a non-zero function, so (f1 gl)A # (f2 A gZ)A and hence

£, A8 # £, A 8, Q.E.D,



D

Lemma 5.2. Suppose f and g are such that V(f) N v(g) = @ and fz, g: are
non-constant for any variable x and constant a. Then (£ A gi # (f A g)g

for any set X of two variables and (not necessarily distinct) assignments

A,B of X.

Proof: Let X be a set of two distinct wvariables and A,B assignments of X.
Since V(f) N V(g) = @, there are only two possibilities: either (1)

IV(E) N %] =1 and |V(g) N X| =1, or (2) V(£) N X = @ or V(g) N X = 4.

Case 1. |V(£)N X| =1 and |v(g) N x| = 1.

N
fv(f)ax for some a € {0,1}, so by assumption fX

In this case fi = "

. T X g ;
is non-constant, Similarly gy 1is non-constant, Thus there is an assignment

o 0, and hence

D of V(f) - X such that fifv(f)D

X, V(£)=X _ , V(£)-X X _ o
(£ A S)A’ D = fi, D A gA 0. On the other hand,

(f A g)é’v(f%"X = EX,V(fg-X Vﬂéé 4 0 because fi,V(f)BX is a constant while

X —_—
EX is non-constant. Hence we conclude that (f A g)A # (£ A g)g,

Case 2, VWEYM X=0 o V(g) N X = @.
By symmetry we can suppose X [1 V(f) = @#. Since f: is non-constant,

neither is f itself, so there is an assignment D of V(f) such that

Vi) o XN(E) _ (JVUE) , X . e B NCEY
3 N 0. But then (f A g)A B D 9N 0, while (£ g)B i
val'(}f) v g; = 1, Hence, we conclude that (f A g)i # (—ng_)}é. Q.E.D.

Theorem 5.1: Suppose f and g are P3 5 functions such that V(E) N V(g) = ¢
H]
and fz, g: are non-constant for any variable x and constant a. Suppose

further that y is a wvariable not in V(f) U V(g), and h =y ® (f A g).
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£

y ; > g
Then h is also f and ha is non-constant for any variable x and

3,5

constant a.

Proof: Let X be a set of three distinct variables in V(h). There

are two cases: Either (1) y £ X or (2) y € X.

Case 1. y ¢ X.
By Lemma 3.2, it suffices to show that I[(f A g)h]l = 5, There
are two sub-cases:

(a) X © V(f) or X ©V(g), and (b) XN V(£) # @ and XN V(g) # @.

Case 1(a). X C V(f) or X CV(g).
By symmetry we can suppose X C€ V(f). Thus [(fA g)X] = {f A g).

But from the assumption, I{fh}! 2 5, so by Lemma 5.1, |{fXJK g?ﬁ 2 5,

Case 1(b). XN V(f) # @ and XN V(g) # 0.

2 and IX N V(g)l = 1. Let

By symmetry we can suppose |X N V(f)]

XA YE) = (x,%,] and X N v(g) = (x

3}

£ I8 P3 55 SO by Lemma 2.1, it is P
3

2
X, ,X
» 3o and thus [(£ 0 21| 2 3,
3

Let Al’ A,, A3 be assignments of (xl,xz) such that

S 8 - I X %
(i) £ ; - 1 2, £ LR are distinct, and
A, A A
1 2 3
* % .
Giak £ F A0, EL 2 g,
A, A,
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By Lemma 5.1 we have

¥ K p s ¥ R X
122 3 £ f 1>72 3 (1)

A
£ 2 8a Aq

for p, q € (1,2,3}), p# q and a, b € {0,11,
x %
Again by Lemma 5.1,

Also, by Lemma 2.1, g is PI,Z’ so g, H g,

we have
SR 4 x B gl X
1552 3 B2 3
A
pr go#fA/\gl
q
for p, q € (2,3).
X = il I
Hence the following five functions in {(f A g)“} = (f A g ™)
are distinct: 3
XL % X T X XX X O, X X ,X x
s il 3 P2 3 £ 3 1 *=0 3 12 3
A
f Al A go 3 X A2 g 0° £ A3 A go y £ A2 A gl P A3 Ag 1°

Cass 2. ¥y & ¥,
{y} U Y where Y C V(£f) U V(g); then B - {(fA g)Y} U {(fA g)Y}.

]

Let X
Note that Case 1 in fact shows that f A g is P3 5° Thus by Lemma 2.1,
]

£ N E 18 Pz 3 Hence {(f A g)Y] and { (£ A g)Y} each contain at least three

distinct functions. Moreover, by Lemma 5.2, {(f A g)Y} N {(f A g)Y]= @

Thus {hx] = [((£A g)Y} ) £ (8 A g)Y] contains at least six distinct functions.
G B0,

Suppose we have a P? 5 function h(xl,...,xm) with the property that

Also suppose that

¥ . i
ha is non-constant for any variable x and constant a.
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we have a network with p gates and m variable nodes computing h,

: i 1
Define h ) = h(xl,...,x m) and
) e o B BT e B A BT e a1
n 1 m
i -+
where x?, Y, are distinct variables (so that {x?+1,..., xnml} n V(h(n)) =

+1 +1 n
and ¥ ¢ {&nn 2..., xnn } U V(h< ))).
Then by n applications of Theorem 5.1, we have

h(r1+1) ep(r;r+]5.)n+m

(n+1)

and h is computed by a network with (p+2)n + p gates. If we let

(p+ 2)N - 2m + p

Nz(m+1)11+ﬂ]and1>=(p+2)n+p,thenP m+ 1

Hence we have the following corollary to Theorem 5.1.
Corollary 5.1. Suppose there exists a P? 5
3

network with p gates. Then for infinitely many N > 0, there exists a

(p+ 2N -2m+ p
m+ 1 ’

function computable by a

PN function f with e¢(f) <
3 8

The network T of Figure 10 computes a Pg 5 function with the property
’
that, even with any two variables in M set to constants, the network does
not compute a constant function. (This claim can easily be checked by
hand or by computer. Note that because of symmetry, there are only nine

sets of two variables and twelve sets of three variables to consider.)
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Figure 10. AP network T

M has 7 gates and 6 variable nodes, thus by Corollary 3l for

¢ wa (7 + 2)N - 2.6 +7 9N -5
S =3
infinitely many N, C(P§,5) 6 1 - £

9N - 5
S

Corollary 5.2, For infinitely many N > 0, c(P§ 5) =<
3

Now consider the network F with subnetwaﬂ;ﬂfas shown in Figure 11.

Figure 11, Network F




Bi=

Note that without considering?+, the network 7 - has 20 gates
and 17 variable nodes. Let V(¥) denote these 17 variables.

Hsieh [Hs74b] proves the following theorem.

Theorem 5.2. Suppose h is such that
. . O
(i) W is JB’S
(ii) hi is non-constant for any set X of two variables and assignment
A oF X,
and & is a network computing h. If V() N V(h) = @, then the

function f computed by the network F satisfies the same two properties

(i) and (ii).

The network M in Figure 10 satisfies properties (i) and (ii) of
Theorem 5.2. Thus by n applications of Theorem 5.2, we have a P3 5
b}

network with F = 20n + 7 gates and N = 17n + 6 variable nodes. Hence,

N-6 20N-1
F = 20(—37) + 7 = 57 -

Corollary 5.3. For infinitely many N > 0, C(PN 20N-1

VI. A Linear Upper Bound for c(Pz 2k)
3

In this section we first develop a procedure, similar to that in

Section V, for generating new Pk ok functions from a given Pk 5k
] t R

function. We then present a simple Pk ok function due to M, Rabin in
2
(k + 1)(2k + 3) variables with complexity no more than 13(k + 1)(2k + 3).
We conclude that fromthe Pk - property alone only a linear lower bound
3

on combinational complexity can be obtained.



e

The proofs of the following two lemmas, Theorem 6.1 and Corollary 6.1
are similar to those in Section V and are omitted., (Detailed proofs may

be found in [Hs74a.]

Lemma 6.1, 1If f ¢

i 1. oko then for any set X © V(f) such that IX] < k,
3

and for any assignment A of X, fi is not constant.

Lemma 6.2. If f and g are Pk ok functions and V(f) N v(g) = @, then
2

f A g is also $, ,, and for any set Y of k-1 variables in V(f) U V(g)

k,2
; ¥ = Y
and assignments A,B of Y, (f A g)A # (£ A g)B,

Theorem 6.1. Suppose f and g are Pk ok functions with V(£f) N V(g) = @

2
and x is a variable not in V(£f) U V(g). Then x @ (£ A g) is also
Pk,Zk'

Similar to Corollary 4.1, we have the following corollary to Theorem 6.1.

Corollary 6.,1. Suppose there exists a PE ok function computable by a
2

network with p gates, Then for infinitely many N > 0, there exists a

(p+ 2)N - 2m+ p
m+ 1 :

Pﬁ ok function f with c¢(f) =

M. Rabin [Ra74] observed the following simple function to be Pk ke
’
Definition: Lets) be the family of all undirected graphs on (2n + 3)

vertices Viseess V . Define a function fn onjg as follows:

2n+3




For G € E,

1 if there are two adjacent nodes in G both with
fn(G) _ degree 2 n + 3,

0 otherwise.

A graph on k vertices can be identified with its kxk node-node incidence
matrix. Thus g]is also the family of all (2n + 3) X (2n + 3) Boolean
symmetric matrices with 0's along the main diagonal. Hence fn can be
regarded as a Boolean function of the (n + 1) (2n + 3) Boolean variables

Al 3 where 1 < i < j £ 2n + 3.
L]

(n+1) (20+3)
Lemma 6.3. fn € Pn,Zn i

Proof: Let P = {ai j} 1=i<3j<2n+ 3., Note that each assignment, T,
3

of P corresponds to a graph G in)%, and (frﬁ = fn(G). Henceforth we omit

the subscript on fn.

Suppose N is a set of n variables in P, and A,B are two distinct

assignments of N. We need only show that fﬁ # fg. Thus it is sufficient

to find an assignment C of P-N such that fN’P"N = 1 and fN’P_N = 0.
Ky 6 B, @
Without loss of generality we can suppose a5 €N, A(a1 2) = 1 and
3 3

B(a1 2) = 0. (Recall that for any assignment D and variable x, D(x)
3

denotes the value assigned to x by D.) N = {a 2} has only n - 1 members,
3

1

so we can certainly find n + 2 indices kl""’k € (B,8,.000y9 20+ 3)

n+2

such that al,k S al,k

1 42 £ N. Similarly we can find Qysevesq

2

€ [344y00es 20+3) such that a | £ N.
2:9 23942
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Let C be the assignment of P-N such that

C(al,ki) 21 ford = legeey Mk 2y
C(az,qi) = 1L ford = lywwsy B 2,
C(a, ,) =0 otherwise.

1,1]

Let G,,G, be the graphs associated with assignments (A,C) and (B,C),

12
5 N, BN N, P-N
4, C B,C

claim that f(Gl) =1 and f(Gz) = 0, which will complete the proof.

respectively, so that = f (Gl), and f = f (Gz). We

Consider f(Gl). A(al,Z) =1, so Vys V, are adjacent in Gl' Moreover,

from the definition of C, V. ,...,V are also adjacent to V., so
kl kn+2 1
deg., (v,) 2 n + 3; similarly, deg, (v,) 2 n + 3. Hence f (G,) = 1.
G1 I G1 2 1

Next consider f(Gz). B(al,Z) = 0, so VisV, are nonadjacent in G,

We assert that for i £ {1,2), degG (vi) < n+ 2, from which it follows
2
that f(Gz) = 0., Thus let i £ (1,2), The arcs in G2 that come from
assignment C of P-N are incident with either v, OT V,, and hence at most
two of them can be incident with V.. However, assignment B of N gives at
most n arcs in G,; thus deg . (v.) € n + 2, Q.E.D.
2 GZ b

A. Meyer [Me74b] observed that surprisingly fn has complexity linear

the number of its wvariables.

Lemma 6.4. c(f_ ) < 13(n + 1)(2n + 3).

in
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5] " = W
Proof: Note fn(P) i<jfi’j(P)’

where /1 ifa, ,=1, I g g + X .a. 2 n+ 3 and
1,] <i s 1 i 19k
f.o.(®) \
1,]
S b3, + 2 a = W O O

0 otherwise

For 4 = Llyewwy 20+ 3; let 85 be such that

> T 4F & a + a, 1 Zn+ 3
= s k> it
gi(ai,l""’ai,i""’ ai,Zn 1 3) k<i i

0 otherwise

Then for each pair (i,j) with i < j, fi 5= a; A gy A gj).
3 o d

Thus if we have networks computing 812098y 19> then for each (i,j) with

i < j, we only need two A-gates to construct a network for each

f. . and (n+ 1)(2n + 3) = 1 V-gates to combine them. Thus
i 2n+3
c(f) = [(n+1) (2n+3) =1]+2.(n+1) (2n + 3) + Z c(gi).
i=1

Now, it is known (for example, see Savage [ Sa74]) that for any k,

if g is the threshold function defined by

m

1. if Lowy =K,
g(xl,...,xm) = i=1

0 otherwise,

then ¢(g) < 5m. Thus for i = 1,..., 2n + 3, c(gi) < 5(2n + 2).
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Hence we conclude that

2n+3
c(f) s 3(n+1) (2n+3) -1+ Z c(gi)
i=1

= 3(n 4+ 1) (Zn + 3) ; 5(2n + 2) (2n + 3)

1]

13(a +71) (28 + 3). Q0. EoD.

The bound in Lemma 6.4 can probably be improved. But the important
fact is that we have obtained a Pk ok function with linear complexity.
2
Combining Corollary 6.1, Lemma 6.3:.and Lemma 6.4, we have the following

theorem.

Theorem 6.2: For each k > 0, there are infinitely many n > 0 with

T1
k,2k

It is observed in [Ha73] that the function match on bipartite graphs

cP 1) < 13(n + 1),

with 2n vertices:

1 if there is a perfect matching in B
match(B) =
0 otherwise,

2

is P?n-l) on=1, as is the determinant function (modulo 2) of an nxn
. .

Boolean matrix [Sa74]. All known networks computing match or the determinant use
at least O(n3) gates, and we conjecture that their combinational complexity

is mot linear in ﬁhe number.of variables. Theorem 6.2 reveals that other
properties of these functions have to be considered in order to prove a

nonlinear lower bound on ¢ (match) or c (determinant).
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