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ABSTRACT 

We propose a nC\\' k.ind of dala dependenci:es callied algebraic dcpcnde cies, 
which generalize all previou ty knm\'n kinds. We ~v,e a complete a](Jomatization of 
algebraic dependencies in t,enn or simple al~braic rewriting rul.es. In he proc 
v.-e characterize ex:a.clty lh,e exprcssi.v' powt!r of lableaux, thu solving an open 
pr-oblcm of Aho. Sn,1:iv and Ullm.'.111: we show that it L P-compkte tot 11 "hcther 
a tableau is n:ali1..abl _ by an c pre ion: and we give an inwrestin, dual inll!rpn:ta
·tion of the cha: procedure. w~ at show lha al cbraic dependencies o er a 
language augmented lo cont ,in union and set differcnor.: an express arbitrary 
domain-ind~pende c rctlicat,es of !inicc intlc over finite relalion.. llle class of 
embedded implication.'!! dcpendcnci,c recently- and independently - int,ro<luc-cd 

y Fag.In is shown co coincide Wlth our algebraic dep!nd ·ncics. Ba don this, we 
give a s.impl proof of Fagin s Am1stro11g rclalion theorem. 

KEYJORDS: Relationa database model data dependencies, 
func ·ion al mu i valued trans· tive 1 join, template, 
and algebra· c dependencies, embedded irnplicational 
dependenc ·es, ta.bl au. , extended rel at· on.s omp e e 
axiomatization, proj~: -j, in expr s ions hase. 
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The relational mode) for databa s [Codd 19 0. Ullman 197'9] has gained recognition a a 
valuable formal fram work for understanding lhe manri . design, and e en implementation, of 
databases. At the hean of the: research on rela. ional dataliases lies the notion of dara depet1dent')', 
Data dependencies are domain~indeperident (i.e .. in ariant under consist n renaming$ of dom.iin 
elements) predka,es oo databases. Starting with function l [Anns.trong l97-4) and multivalued 
[ F'agj n 1977] dcpe nd enci es, a dozen of different kind o · data dependencies have been proposed in 
the literature ( icola 197 , P.i.radaens 1979, 3ejv and V alecka 1979, and Olher:,). ew. more and 
more general. kind • f daln d •pendenci have been pu foJW:nd in a ralhcr arbitrary and heuri tic 
fashion. Thi:- rcflec·ted two nmj , fmstr.a1i ns of the research in this area: Fir: t , no natural , stable 
dosure of h~ process wa in i~ht. Secondly. the ck..,ani complete axiomatization of f1.mctional 
[Ann I ong 19 I nnd multinlucd depcnd1mck (Beeri . l at 1977) did not appear to carry over to 
the mor general. kinds: thus the further gen ralization wcr,e flltile au mpts at 'cnr'ching the 
language" ,enough so to obt in a complete axiomadzation. 

Two import3nt ideas that appeared to point towards a unified theory are the rableaitt or {Aho 
et at 1979), and 1.he r lated concept of the chase [ 1aier et a1. 1979] as a proof ystem for data 
dependencie . The ta:bleaox .. howe er. were introduced as models or queries They were nown to 
be strictly mo powerful than the algebraic system that motivated th"m, and th:eir exact power 
remained a mystery. Also. lhe chose was applied ·n a rnth narrow way t functional and ·oin 
dependencies. as a st.rictl oombim:itorial procc . o ,cormectlons to he underlring alg brnic t,em 
were revea]ed. 

More re-c,ently, [ adri and tnlman 19 , OJ proposed a new kind of da a depcndenci • he remT 
plate depende11des. ·~ rnplate dependencies g.enerali:zed most known da a dependencies. · They are 
defi ed in term or rn.bie u • ::ind .1s. a con · · uem; I.he rule:i of 1he chase pro ide an adequate 
axiomatization i r thi:m. Howc..-cr, cemrlatc Ji:p.;-ml nck failoo to m0<kl lhc functi,on I dependen~ 
cics, in some sense die m .1 n:nurot ,md fm11..fa1ncntal kin . l1i inndc,qu~1c dmmatizcd the ra t 
th.it cqu·tlity had been mi ··ing from mo ·r ~•th:mrL al gcncr.1lizin" the notmn o data d~~ndcncie . 
It was this absmr~ of cquali1 lhrit caU$t:ll an am10.ying Jic.::b tomy be cen the m .. ·i:nment of func
tiona' ucpc.:m.kncit:s on the one 'hand. ~md that o nmlfr,.•.1h.1ctl d.:pcm.lcncic. am.I l t:ir rdati es on 
lhe other. 

n this p:ipc.:r, c outline some new idi::as and n.-suUs thal .ippc:ir to comprise de 1nitivc po~Ui\lc 
answc to th~ m.iin quc l and open problem of the thcor)' of data dc()l:ndcncies, a e posed 
above. We tntrcx.luec a new · ind of data. dcJ1Cntlency. 1hc al~t•braic ,Jt-penden,:. This dc~ndcncy 
is a natural gencralit.itian of all data dcpendcnciei eii ting in the litcratuil' (induding rhc functi.on,d 

Wot paniall)' ~pportcdi by SF Gr.mi ICS -9,0&96:i. 
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dependcncic.) and is stated as an algeb aic equation with operations projection and join. We 
achi ve this unified treatment of fl.1nction I llcpcndcm:ic · h oc , er data dcpcndencic b. con ider• 
ing rxumdtYi rclat"ons. i.e., rdati n ilh arbitrarily many copies of ench column. Becau!il.! of its 
general it and impli ily. the .ilgcbraic (kpcnc..lcnc ' i.r a slilhlc. natural con cpt. We pTesent SC\.'Ctal 
p'.c-ci.:. of c\.'idcncc to thi - cffocl. \: c . how th,11 algcbrnic dc~ndende are equivalent in c:<prc ive 
power ~ t· hlc::iuit - thus solving the Opi.:lil problem in (Alm Cl al. 19791 - and to al cbr:·lic cqua• 
t.ions w,·th equiJvirl.{ - an operator long iorgn11c11 . iincc [Codd 197-f. fore import. ncly. we ho\l 
tha dc,duction ' of algebraic dcpcndc-ncfo <1rc a-.:io.macizcd by an extremely sjmplc and n:nural 't f 
algebraic axioms. AU past pro en (or conjcclurcc.l axiomaciz:.ni ns of data d"r,enden ic · re derived 
as tedious special case from ours. To urthcr reinforce che betief ~hat algebrnic identities are a 
natural way of tating data dependenci - . w bow that all domairz-imieperu/enr predicates of finite 
ind x ,o\!et data-bases can be e pressed as algebraic idcnlilies, with union and differ nc allowed in 
addition to projection and j in. 

Our proof of th . comp.let ne-ss of our axiomatic system is qui e in olved, and proceeds in 
several stages. It ntails understanding th :xpre i.ve fX)Wer of tableaux. algebraic taulologies and 
also an a1gebra.i int rpreta1ion ot the chase. It has some interesti.ng side-products. For example. 
we exhibit two a gebraic expressions which. ahhough very di[fere t in s1.ruet1.1re ha the same 
ta:b!eau. We also sho lhat the embedded jo' depcndenc:ie (EJD are dtdt1crively c:omplet.t!, m the 
sense that any algorithm for testing wheth r a set of EJ'D' impli.es another EJD can be modUied m 
work for gene'ral algebraic d pendencies - thus theoreti.calJy justifying the apparen difficulty in 
obtaining such an algorithm. 

It ~s '.WCll-lcnown ( .g .• [ ioolas, 197 I) that data dependenci c.:111 be expr ~ect in a fragment 
of first-order 1olic. This fragment has e.qualicy, one rclatt n ymbol -R- of. rity (R)I. am.I lyp!d 
variables. Independently of the authors, Fagin (F gin 19 Oj studied a furil1cr fragment of fi rst-ordcr 
l.ogic, hwch consists roughl of I m dm.1ses quamified in the fashioi;i. Fa!!in co.Lied this frag
ment of first-order logic embedded implko1iot1al tlependendes. nd showed that il generalizes all pre
viously proposed kinds of data dependencies. Fagin showed that sets o mbtdtled implic.a ional 
dependencies are invariant under a e.rsion o the Cartesian producL &sed on. th! . he wem on to 
prove that any set o embedded tmplication.J! depcnclcndes posse s an Armstrong relati011; that i • 
a universal countere ample to any non-vaJid implicati 11. -ag,in•s proof of 'lhis re ult i quit com~ 
ple.x, and invoke , en in r~ulls, from logj.c. Fagin djd not p!iOYide a oompl te axiomatization of his 
class. 

Surprising! . we hmv that the algebrai dependencie d {ined in Ihi paper coincide with the 
embedd d implicational dependencies of Fagin. This test"fies to the naturalness of our cla . FurthT 
e:rmol! • Lhe main result of !Fag.in 9"0] - the exir.1ence of an Arm trong relation - follm ry 
easily using our . lg raic approach (see lion 6). 

The remaining of lhis paper is organized as folio""' : h:i Section 2 , e introduce an a'.(iomatic 
system for exprc. ion iclen1itic . which is oompkl1,; for simple exprc ions. ln c ion we in roduce 
extended rdi!tion , , nd prm ~ th cqui,•alcncc between project-join expresi ions over ext ndcd rela-
1.ion,s projcct-equijoin exprc-. ion·. and tabkaux. ln Section 4 we introdu algebraic dc~ndende 
and an axiom c-ap1uring the nmntics of extend ·d refations.. We hm th· t the a.'l:iom tic s~ st m o 
Section _ , gelhcr with this .t.-.:iom comprise il complet~ a. ·i m:uization of alg~br:ii Jcpendcn ic . 
Thi 1elies hea il~1 on lhe results f • tions. _ .ind . Jn Section 5 we h w oonslru IL\'eh' that afoe~ 
braic depcm:lcnc-ics with pr jecl, join, union anti set d' fcrcnre can cxpr!!ss arbitr:i -. dam;iin
indepcndcnt pmJicat~ with finite index. Finally. in Section 6 · e tudy the relation of algebraic to 
embedded impticati omll d1.:pcm..lcnc · cs, 
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2. EXPRE IO. 'S OVER PROJECTION . i D JOI 

A relation R is · table. Its col 1.1mns 1.'0rre. nd 10 attributes, the t of arn:i. bu l of R • 11 ( R ) . 
is a subset of a ffoi[e se, (call d the w1frem·). U = ~A .B .C. .. }. The tO\ · of R are coll~d wr,t,·~. 
The attrib1.n s A .B .... have disjoint domains D(A .D(B) •... Thu · R~ n D(A.). If .\"~d(RL and 

11vn 
IER, rx is r restricted o e-olumns of X. The prujertion ;r, (R) = {tx ~' R}. The (mmmr/1 joi,1 1s 

R1 Pd; R = {tE rr D(A): la{R , ) E:R1, an '~4Rz) ER!l. 
A Ea(R 1l U 11(R:l 

We shall deal with ,expressions r projec[ion and join invohdng the , •aria.bk R rnnging O\·er 
re]atfons on U . lf ¢,1 and <l>i are e ·pre ion lhen d> 1(R) c; c:!, 2(R) denotes the identi y in lusion. 
implicitly quantified o er all R. This has meaning oril. if a{cl> 1(R)), - a(c!i1(R) . di 1 = c!>::i mean· 
$ 1 c; •i and 4>1 :Ji ¢ 2• \ e are ;nterested ·o dC\·ising complete a."\iomatization of the deductive 
theory of sem nee of lhe form dl 1 ~ cb 1• \\'h,er <1> 1 and o~ re project-join expression O\'C-r a ingk 
relational ,·ariabl R . We shall be intere ted in axioms that ar; algebraic i11 nature that i , they a~ 
rule Lha[ ei.th r modi! t!Xpre ions >'nt.ac:tically (,e.g .• commu tivity assocknivit)·. etc.} or state 
that s ntence imptic 3 ymac1ic 1fant e.g .. monolonicit ) . In addition to the mdirio.ry mrultt.f 
ponms 

we also employ the tran itivily of set inclusion as a deduclive toot 

One important desirable featur~ of the axiom cons:idered is hat their pplicabil.ity c.an be 
decided in (Xll .rnomial time by tree isomorphism techniques. This sh uld be a feature of any "rea. 
sonable" axiomatic sysLm. A second po Hive property ught i th.at the axioms be reasonably" yn
tacli.c'' and 'local''. in tile nse that th y hould be sta d in terms of local pattern m.uching on the 
expre sion tree and not reflect global o mantic con 'd rations. The a. i.oms Al through A7 chat 
we are proposing belO\\• s.ati fy these criteria. Fmthe:rrn. re th y can be easily rendered to the for• 
mat cri'l(J'l 11. • ..1, o-i = rr,-1 ·her,e err, -•·• a1 1 are sentenc,es nd crH 1 yntruc depends in a 
straightfon ard way on that of a 1 •. • • a ) familiar from. pre ious work on cl pende-ng.· theory 
[Armstrong 19 4, Beeri et al 19 7 ag,i and Walecka 19 9). 

ll is not hard to St.--e that pr-oj,;:c1ion :i.nd join saci fy the foUowi.ng identities. for all R1.I( antl R3 
( call that b)• writing wx(R1i we are implici ly -requiring that X~a(R 1). imilarly, R 1<.;R a umcs 
that ,a(R 1) = u(R:i)). 

A]. (ldempotency of Projection) 
(a) Trx( w1 (Rt)) "' •. (R 1). 
(b) 'iig(Rl) (R,) - R1. 

A2. (ldempotency of Join) 
(a) R1 · 11x(R1) - .R,. 
(b) 71',i (R,) (R1 R;;} ~ R,. 

A3. (Monmonicit y of Projection) 
Ri ~ R2 = wx(R1} C:: 1r. (R:) , 

A4. (Monot nidt, of loin) 
R 1 ~ R~ R1 M R3 CR: M R3. 

A3. (Commula i,·ity f Join) 
Rt ~ R_ = R~ ~ R, . 

A6,. (Associafr1,i1y or Join) 
(R 1 M R:i_), R.1 = R1 R~ ~. R ). 

A7. (Distrihuti\'it . of Projcc1.ion o"·cr join) 
Let X ~ u(R1). 
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(a) ;rXLJf (R1 M Rz) {.;; nXLJf (R1 ':iy (Rz)). 
(b) lf .a(R 1) n a(R 2) C Y then equality holds in (a) . 

Axi m A 1-A6 h:.irdly ncctl a.n disros.:don. ~incc th1::y follow dircc ly from the definition of 
the two o~r:u iuns. A inm A 7. 1hc only om~ ch :n i - nor ~ rnlly Lri,·ial . ~imply ~tm - tlmt pr ,j~c:ting 
o:nc npcuiml or a jnin m:1}' r1 strict tht: oommcm :inrihull.-s of the I o oppcrands. ,md Lht:refurc 
enrich Lhc re-. uh nf tJ1c join. A 7(b} sa; . thal if. ncvcrthcll:SS, the common attributes remain the 
same despite the projection. then the rc!!'iult 0£ the joi11 rc1m1·ns unarfccte<l . We have 

Propt,sitio11 2 .J. Axioms Al -A7 are sound. Cl 

To iUustrate the application of the axioms. we will give t\1,/0 examples. In the first on we 
deri\'e a basic property of proj ct-join ex.pressioos which we will use latet on. The second exampl.e 
shows bow the pseudoU"ansitivity rule for multivalued dependencies can be derived from the axioms . 

. ExCJmple 2 .i For all expressions cti. "1'1'.:rtll>) (R) ~ ct,.(R) (1 1. 

We prove this property by induction on the structure of it,. For the oosis,. <t, = R and (1) follows 
f:tom a,;iorn A lb. For the induct~ · step, as.sum that (1) can be d ri,. d from the axioms for all 
expressions u with fewer operations than $ 
Case I 4 = nxcr, for some set of attributesX(=a(<!,)) and some cxpri · ion a. 
From the inducti ' h)'pothe is. "a(al (R) i;;;; cr(R) i , deri ed from the axioms. From A3 we have 
-nx(w.a(u) (R)) I;; "IT.ta(R) = 4:i(R), and [rom Al we get 1i,1(t.i(R) ~ 4i(R). 
Case 2 $, = c:r 1 M a 2• for some e.xprcssions orh c:r2, with a($) = a(cr1)Ua(a2) . 

From the indm:tive hypothesis, "Tra tu-
1 
{R) C o:1(R) and 'if11(a:)(R) 

,r.a(4')(R) = 
'lfa(t J(R M R) t;;; 
'IT a(elrr a(a 

1
)(R} 'TI 1tta :}(R)) t;:;;; 

'Ira(. ~,(.a 1(R) M O"~(R.}) = 
ul(R) M 0'1(R) = ¢(R) . 

-;;;;· 1Y2(R). We have no 

• by A2. A3 
,by A7a 
,by A3 1 A4 and .. h. 

,by Alb 
□ 

Example 2 .2 l..et us show how we can dcriv the pseudotrn.nsitivity property of multivaJued depen
dencies [ Beeri el al. 1977 J. Thi.s property tat~ that. i r X, Y, Z ~ U then 

X -Y. Y- Z imply X -z - Y 

or. in algebraic 1enns. 

XY M X(U-XY) CR and 

YZ M Y(U-YZ), ~ R imply 

X(Z -Y) ~ XYW ~ R where \V = U-XfZ. 

(A is customary , uni on of se-ts of attributes i reprcrente<l by con.catenation. and ·we de.note ;;s(R ) 
by S). 

The sequence of applications of lhe a..•dom:s establishing the implkation is shown below. The 
expressions me shown as l rces. 

/"-.......... 
X(Z -Y) X "fVI 

= (by A2a) 

="' (by A6) 
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C (by A7a)1 

= (by A1b) 

~ (by A5 and MVD X - Y) 

<; by A7a,A1) 

M 

I '-yz Y(u-YZ) 
~ R (by MVD Y - Z) 

Monotonicity (axioms A3 and A4) are implicitJy used almost at every step. Although the proof of 
this simp1e fact looks ad hoc. and quite fonnidabl -, we shall describe in Section a S)'Stematic pro
cedure for producing uch derivations. o 

Do these properties comp1etely axiom.atize proj t-join identities? The an wer is ''no'' bu for 
very subt1e r ason . To understand why, we will na\1e to iotcoduce tablearu. A tableau T ·s a map
ping from relations to :relations - a fragment of first-Ord r logic see [A_ho et al. 1979). For each 
A E.J! we define it standard domain D(A) = {A. o1, 2, ••• }. A is called th,e disti~g1Jished symbol 
of D!.A ); al! a2• etc. ~re call'td nondis1inguislied. A rabiear, T ov r U j a finite reiatfon 
T k D{A)XD(B)x ... x.D(Z). For example. T = ~(o1.B ,ed. •(A ,b1.r1), (u~,b~,c 1). 

(a:i.B ,r~), (A .B ,!'3) } is a tab]eau on~,r ·{A.B .C}. We represent a rnb!eau 8!; shown in Figure la. The 
top row ca1fod the summary s(T) o'f T contajn all distinguished symbols appearing in T. each in 
th cones-ponding column. The set a(T) of attributes of T is Lhe set or attribut • in which T ha · a. 
distinguished syn bot Tableaux represent mappings from relation to relations~ let 
R i; D(A)X . .. XD(Z) be a re atio with a(R) ~ U. A valuation p i.s ,a mapping from D(A) to 
D(A) for ,each A E U. Then the mapping/r •correspooding to lhe ·t bh:--au T is defined by 

/r(R) - {p(s(T)): p(w) E R for all w E T} • 

where p is extended to ac on ctors in a oomponent ise manner. Jt tum.s out lhat ev~ry ,exp~ 
s·on <fJ(R) over projcciion and join when considtred as a mapping from rel@tions lO relations, ha a 
corresponding tableau T~ such that, f:or aU R. fr.(R) = <f>(R) .. T6 isconsuucted as foUo,ws: 

1. T8 ""' {(A B ..• , Z)} 

2. T•s-(<!1) = T ~n with aU occurrences or each di tinguishcd symbol in U-X reptaced by a new 
nondistinguishL'tl symbol 

3. T<!i,~: == TQ1 UT$!' 

F, r cx.1imrik . th!! t;\l kau tlt Figure 1 (, ) can he n::illil ~..:n to he ·r~,, for the cxpn:ssicm 4> of E:"i,;urc 
l(b), l n'f1lrtun~1h . .' [y. 11 is :huw11 in (Aho d al. 1''1911h: l not ,di ,1hlc;m:ic arc 1" for :111 uppmpri:1h.: 
4>. Jn fad. WC h~1u ~)Im :how lh:tl it is NP~·om1 k•:1~ lU 'fi.'(O,g11i1.c 1hosc Lhal ). :uurnUy. jf 

T•, = T6 : then <!>i(R) = ¢iJ(I?) is laut<1 ugu,;all true. ndr;r what cin.:um~l:moi.:. is /r
1
(R) ~ frP,ll 

tautologkally true"! Let Ii he a set of mappings from D(A) h"> D(A J, for cuch A E U. uch that 
h(A) = A and l,(T~) ~ T1• Then h is ,caned a lmmrm1orphism from T,1 to Tl. [Aho ct at l979l 
show ,ltJ following Lemma: 
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A B . 

a, IJ ,-\ 

A b1 I 

412 bi CJ 

cJ2 B Cz 
A B C'J 

. 

(a) 

figure 1 

Lemma 2 .J fr, (R) <;;_ fr JR) is tau ologically troe iff ther is a bomomo,:rphism from T1 to T 1• o 

W now r~U.Jm to the qu sli n. het er axioms Al to A7 are ufficient for pro ·ng expre s:ion 
identities of the fonn 4i 1(R) ~ ¢,~(R). It follows from Lhe abo\;· discussion that, besides the Axioms 
A1 •A7 the following i undoubted!. true 

T: Jf T01 = T4,? chen ¢, 1(R) = cf>iR). 

It toms o . t that, urprisingly, Tis "ndependcnt ,of A1-A7. To sec this, consider the two e . r ssioris 
shown in Figur 

Figur 2 

They hmh ha.,.·e lhl!· me tableau, namdy the on ~hown below. 
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A C 

(ig b1 c, 

a2 bi C't 

al bi C-z 

'23 b3 C 

A bi C3 

Ho\\' ver, we how below (Corollary 2.1) that lhe cannot be . hown equivalent by A1-A7 alone. 
Let ¢> be an expression. Let Cl ( ¢>) be th c equi •,a le nee cl of expr ions th t c:an be hown 
equival nt to <f> via the axioms Al, AS, A6 and A b) alone. In other words, C/(di) contain aU 
qsimpl, syntactic ariants" of ct,. Al exp.re ions in C/(ch) h,we th same t, b1eilu, T~, \: e con·truct 
ai digraph D

0 
= ( £~) with node set th t N of nondisiin ui hed symbol in T 0 , an with 

(a
1
, ,o

1 
E E• iff the pi:; jection lh:n created ns i an anc tor of that which created ai in all expr -

sions in C/(di). For the two expression~ shown in Fi ure 2. lhc orresponding digraphs are o hown 
in Figure 3. 

Figure 3 

0 

a., 
0 

e saw in L rnmn 2.1 lhat ♦1(R) ~ <!,!(R) iff th re i a hu-m morphi m J'1 from T,~1 to T 61 , 

c dc(iru: now . rt.-strictcd i.:Non of t:mtolol!ii.::11 indu ion. 1c write 1(R) ~ 41~(R) iff thcr1.: i · a 
ho11u.mu'l11 hh l /; frum 1·~: tor~, . m:h 1h:1l for ;11L non li:,,ti11g1ushcJ s mhols ,,,, o1 > 7' , ,w i1ow, 

(u,. tJ
1
) ( 1-:.~. i'f <', -=- 11

1 
~r U• lu },/1,( 1

1
)) ,~ ir lt(a,) is di~1m •ui,hct.l. 1~ 1(H) • ll>!(R ~l; mh for 

411 C 4>.(R) and ~~(R) ~ d,1 R}. 

Ltmma 2 .2 Axioms I· 7 a re sound even if , i rcplac-cd b> C nnd :=a by 1-, 

Proof By ins~ction. For c ilmplc to ·how tha\ 11'.n (R 1 M R2) ,;:;: '1ixr (R, 11>t irr(RJ), m·1p the art 



of the right-hand tahteau that corresponds 10 R1 lo il:~df ia the idcmit}' h rnomorphism. and Like
wise for ,r~ {R~J: orily nrnp the nondistinguishcd j 'rnbols fr1troduccd hy 'ITy tt those inuodm:etl by 
w,u in the ldt-hand side . This homomorphism Ob\iOu. y preserves edges of D . □ 

Theorem 2.1 Suppose th:it 4i 1(R) C 4i:i(R). but <Pl(R) fJ. <1:i~(R). Then 4'-t(R ) ~ q,,i(R) cannot be 
proved from Ar~ A . 
Proof Since all axioms hold fo ~ as well, and since ~ is transitil' j:ust as ~. no proof can di tinw 
guish between !:' and b · Cl 

Coro.llary 2.1 The two expressions ¢It and ¢ii shown in Figure 2 cannot be shown equiv l n by Al
A7. 
Proof Obviously cfil{R), = ¢i~{R}: howc\'er, <1, 1(R) f 4i2{R) since there are only identity homomor
phisms from T 01 to T ~~ and back. and s1ilT D.;

1 
_,_ D,J,

1
, □ 

This inability of t!h.e axioms to capt.Ure aH 11spccrs of expression equivalenoe has its roots at the 
inabi}ity of project-join expressions m l'eprescnt arbitrary rn.bk:aux. The intricate combinatorics of 
thi prob1em are dramali.zed by the foUowing result. 

The-orem 2 .2 Given a tab e..au, il is NP-complete to decide whether it cone.spond to a. project-join 
expression. 

To prove the theo m we shal] make use of simpft· tableaux. A repeated symbol of a. tableau T 
is a symbol that appears in more [han on fO\\ . A tableau is called simple if it has at mo.st. one 
repeated nondi tinguished symbol per column.• For example, th tableau of Fig. fa is nm simple 
because it con HI in. tv.'O repeated si·mbols in the fi.r:st and third c lumn (A . a_ .c1 , c 3) • An exp re T 

sion is called implc if ilt tableau 1 simple. [ASSUl gives a.n algorithm that del rmine whether a 
simpJc tableau comes from an expre ,ion and con truct such an expression if it does. The basic: 
ideas bchim.l their algo.rirhm arc summarized in the folio" ing lemma. 

lemma 2 .J Let T rx.: n ~imp! e t.,bleau. Lel G(T) be a labeled graph with one node for c,·erJ row or 
T and an edge (u. \•) labeled w if in some column tht! rows ll and l' have- ?he rune nondis:1iogui heel 
symbol and w ha a distirigui hcd symbol. The tableau T corresponds co an expression if and only i , 
here is no com:iccted nonuivial uh aph H of G(T) with aU edge£ of H. labeled , ith nodes jn H. 

Pr(}(Jf (only if) oppm that there ' a connected subgraph H of G(T) with all edg~ labeled with 
nodc.s in H. and su.ppo:se that there is nn c!l.pres.~ion 4,. with T 1:, = T. Each row or T corresponds to 
a kaf of ct,. Let .t be the !owe.st common .rnce- rnr of al I nod in H. Let .,., 1 , • ~, • • • be the son~ of 
x, and F 1• F1 . ... the subtrees of tb rooted at 1hcm. From our choice or. , m ! ast two of the F/s 
cont;iin nodes from ff. incc H i nnc led. th· c i an oog (u·1, i11 ) f H ilh a I and u~ belong
ing lo different subtre • s· y u1 E: F 1• u: E F; . Since 11 1 and ui ha e [he sum aondis.tingui bed 
symbo] in some column A, the projcrLion which created this symbol must cake place above :r· i.e., 
some projection in the p:nh from x lo the mm d~ not contain A. Let w be the label of (u 1, u2). 
Since w 11.: H, w is a desccnd~nl of x and therefor!! will not hJ.l"e in T ~ a distingui hcd symbol in 
column A. 

(if} If the condition of the km:rna is ~tisfied. th.en the algorithm of [1-\SSU] succeed in find
ing an expression di· wi1h T<!I = T. We wm dcsr.:ribc here briefly. for l;uer use. how such aV! expre ~ 
sio:n is con.1ructed . Le l G 1• G. . . . . • G ~ be the connecced comp:,m: nls. or G (T : k. ~ 2- let 
T1, 72, ... T be Lhe siubrnblcaux ,of T t:"Orrcspom.ling lo 1hc ,ets of nodes of the \'.'Jriou componl!nt ', 
from T, ,;,.·c: nm~tmct T. · by changing a 11ondis1ingui~hed y01bol inlo a Jl$lingui:hcl.l if it appears 
also in some olh r Tr Since Ti implc lhi Cllf1 happen \\'ith at m t ne ymbol for each column 
and T cannot ha\l! a distinguished symbol in such .i column (from the construction of G(T)). ow, 
T 1' , ... , T1 ' arc &i m pie tablc:11.1x, and G (T/) is a subgraph of G T) for each i. Therefore, the T/ · s 

• This. di:finitil.m ~Li~•ly mcri: 1:1:n.1:ra! I.hi.In thi: om: in [Aha~ al. 19'791. 



satisfy the coodHion of lht>: 1emma and we can find e:-<prc ions <t> 1 ..... '1>t uch drnt T~, - T.' . The 
expression 4> for Tis nx(~¢,1). where:< is the ··t of columns in which T h. :i. distmgui ·hcJ '}m-

- r 
bol. We cnll the e.xpressi.on that is construct din rhi way, the c-tinoninil i!xpressiQ,i for T. □ 

lemma 2 A. · ct T be il tableau and up-pose that 7 h at mosl one repented nondi ting-ui hed sym
bol in ,e.ach column of a(T) and at mosl two repeated nondistinguishcd · mbols in ea h column of 
U - a(T). Then if T corre ponds m an e:>.'Pression, there is an 1e. pr,es.sion cl> = 7Tut:r,u where 
Tt = T and a i a simple expression with a(cr) = U. 

Proof. Lc1 lji be an expn;? s.ion wilh r .:i = T. \Ve ca.11 assume wichout 1oss of gen i: .. 1iry lhat all pr 
jections that create distincl (" .e. non repeated) nondistingui hed symbo1 take place al the lea\·es. 
Let A be a column in\ hich T has cwo repealed nondistingui ·hed ymbol ai,a. an let ·1y: be the 
t\! o nodes in whi h the projections that ere. le th se ymboL take pli!ce. . t least one o the rw-o 
node , say l 'I · is not a descendant of th other. n we postpon the projection [hac creates a 1 unlil 
the root, then T does not change. Doing 1hc same \\ith an columns of U - a (T) we get an expres
sion<!, ;;: TTc(nO' where u i simple with a o) "" U and T41 = T = T. □ 

Let 1 be a tableau as. in Lemm.a 2.4. We con,strm:11. a graph G(T) as fonm~ . Th nodes of 
G T) are the rows of T. G(T) h an edg (1,.~·) labeled ,., if in some column u and \' have the 
same nondis.tinguished. ymbol and w has a di ing ish d symbol. In addition. G(T) has two l of 
edg S1(A) S_(A) for each column A in which T has two r,:pcated nondi tingui·hed mbols aL,a2 
(A E U-a(T),). S 1(A) contains an edge {11 v) labeled w £or each p ir of rows JI,\' that ha.v symbol 
a 1 in oolumn A and each row ~ that has a2 in co-hmm A. nd similarly with S::(A ). l-emma 2.4 
then · mpli es lha T com from an expression if and only if \i e can delete either S 1 (A) or S 2(A ) or 
each column A in vhich T has two repeated nondi.stinguish :d symbols so chat the remaining graph 
satisfies the condition of Lemma __ 3_ The proof of Theorem 2.2 is based on this combinatorial pro
peny. 
Proof of Theorem 2 .1. 
It i'S obvious th,n the problem ts m P: Guess an cxpr ion $. construct T 0 • and v,erify hat 
T~ = T. For che P•lrnrdne · part we hall describe n reduction from he 3-SAT problem fs.atisfia• 
bility of a Boolean formula in conjuactiv normal form ilh 3 1i ~mis pc clau ), Let Ci.C, .... . CP 
be the lauscs cf a Boolean formula F o er the aria bl .:r1 .. .r2, ••. ,.l'11 • The universe U has I 2p 11 

attributes; the first 11 • X 1 ,X;;, ... .XII com.~ pond to he n riables, and r he r st arc di vidcd imo p 
groups or 1 al ributes nch • one group for each clause. We will con truct a t.abl,eau T over U 
such lhat T correspond lo an .xpression iff F is sati ,able. The alUibutcs a(T) of T ar 
U - {X 1, ..•• )\}. The tableau r has the form of Lemma 2.4 with two repe tcd nondi tingui hed 
symbols x, and .'f in each oolum.n X;, i = 1. ... ,.n. For each clause. T ha 16 rows. tn Figur · 4 e 
show the symbol of rhe rows ~ r a. lau~ C ""y1Vyz'-'Y:;, (where ,, = .xi or ."i; in the columns 1h.n 
correspond to this clause and X1.X_X3• the 1e1:nri~s in the re· of the columns are distinct nondis• 
linguishcd symbols. 

The portion of the graph G(T corr spond:ing to the rows for 1he clause C is hown in Figure 
5. 

In the figure we have I. belcd edges due m column Xi. by the nondi tinguishcd symbol ra her 
than the row . From our pre ious discu: ·it n, T m.:·~-ponus to an c pre i n iff dclc1ion of ull 
e gt.:· due to x, or-¼ for each i = l •. _ ., n, rc.:suh~ in a grnph :uisfying the condilio11 { f Lemma 2. _ 
Let u as."'- ·i:.UI: the deletion of all cdgt".' uuc to v1 l\·• = .r, or .t;) with the assignment of ruth lui; 
L 'lo the lih.-ra) . ·,. W,c c1aun that •• truth :1s.,i~nm..::nt ,- satisf'ie3 F if and only i( ddction of 'lhc set 
S(t) of corrc;.spon lin~ t:'dgi.:s result · in ~t gG1fih sali?1fyin~ b.:mma __ 3_ 

(mrl_\' ifJ- I .1.·l T Ix· :i s.tlis ·•n~ ln lh :l\. ... i_\!1111\;;"llt f ,r ,,. ;Uh ·up1 ~ thal G. = G {T) - s T) 

conlain: a n,i11lrhfal rnn1k'fh:d suh!!,,apl, U all of\\ ht . • i: l~c.-s ,uc lahdct '-Vith 1mdt:S in fl. G' ·nn
t:i[n$ a diquc fur ~;~1d.1 f 1lsc l.ilc.-r~il ;mt.I all th1.·~ diqu..:s arc !lt1ot.k-1.fo;jo' m aml lliscunn.:-rtcd from 1:ach 
other. lltcreforc, in rc.kr that I/ :·,ti ·fi~: 1hc prc,..mu com.Ji1ion. il musl ontain at casL on~ cJgc 
from a clau • 00111,u·uction that i 11 t lahd ·ti by a Literal. Let C = y 1 v y2 v y3 be uch ·1 clause. 
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X1 Xi X3 

C I 0 a □ □ □ □ • ·• • 
A1 • • 
A, 

I • • 
A3 • • 
Bt YI • 
B2 Y2 • 
83 Yl 

., 
D1 Yl • 
D2 h. • I 

D3 i'J 
,. 

Ea • • □ □ 

E2 • • □ 0 

Ej • • □ □ 

F1 Y2 • 
Fi 

- • )'3 

f-; - • )'l 

Figure 4 

Ao den.ates ,a di ·1inguishcd symbol; a• denote ,1 repeated nondistinguishcd symbol.: bl.ink denot -
a distinct nondistinguishctl symbol. 

Cose I y 1 = Yl "" )'J = l in T. 

Then, C and the A and B node. are isol:ucd from the r,c t of G' . ince the edges that connec them 
are labeled with £-node they cannol be in H. Bue then none of the other edges (all o them 
.labeled C) of lhc con"truction for C ri be either in H. 

Case 2 C has a false litt:ral. 
s ·nte T is 3 ·1ri fying trulh assignmi.:nt C has :il$0 a iruc literal. Then for some i = 1.-,J w · hnve 
;·,, = l. Yi'+' 1 = 0 (addition is nlod J\. From tht: symmetry of the constructio.n we can ume 
without lost of g ncrality that YL ;;; I.)-~ = 0. Then the nodes D., E 1, Fl me isolated from the re l 
of G'. Therefore th!;! cdg (C. A1). (.-\ • B _) a e not in /-1. Deletion of these edg~s i~larc- C. A., 
B1• A3 from the re~I. or the graph. Therefore. no edge labeled C is in H, and H c. nnot con ain 
a.gain any edi;e froin the construction for C that i not lubdoo b)' a literal. 

(if). Let. -r be a truth assignment ilnd suppose that deletion of S(T) leaves :i graph satisfying the 
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Figure 5 

cooditi n of Lemm 2.3. l t C be a clause ,of F. lf ;;- does not sati f:y any literal of C , lhen the 
oonstnlction for C i a connected grnph H all of whose edg s are labekd with nodes in H. ( ot 
that an edge (B .. Di) has labet F i_ 1) . Cl 

It turns out that Theorem ... 2. bcsid . characreri:z.ing the c,omr!cxity of com iling expr ions 
from their tal>lcau a reveal that most probably the-re can be no usable axfomatization of expres-
sion equi aience. 

Corollary 2.2 Given an expression ct> it i NP~comp]cl to test whcd1er there exi l a <j) 1 ~ Cl(ct,) 
such that T 41 ; T .i,• , 

Proof hi the construc1ioil in lhe proof of Th orem. .2, two expressions 4, and <!> ' . both ha ing the 
sam tableau T. satisfy q:,' <f C/(<I>) iff c!, and di, ' come from different truth a ignments or F. The 
Corollary now t How from t'h observmion Iha ir i P-cornp!cte to decide, given a Boolean for
mula F and a truth assignmen ,. satisfying F, wheth r there i 11.ilotlaer truth assignment that satis-
fics F. □ 

Therefore the npparcn'l difficulty in a.xiom:ni.:ting e~pr ion equi alcnce can be viewed as a 
consequence of the difficul y in o!vcd in transforming an ccepting non-determinisric computation 
to another by fomml manipulation . In !he next two Section -. e sh~~ ho, ·10 overcome thi · dirfi • 
culty by r pfadng T b .mother. purcl algcbrak. axi m. TI1is difficult. doe not arise in the c:isc 
,of .sim,,1 .. expressions . "his is rcfl tctl in th!! follovdng result : 

Thton•m 2.J Any identity of th,e form 4, 1(R), !: <tt.(R) for simple cx.pre!l ion qi,., <b2 can be pro cd 
by Al-A7. 

ltc pr; 1f of tbl' llwur~, proc:c1.•, ls in t\rn st.:ps. At first we show th:il a . impfc cxprc"1 ion c!i 
can he.• ~11\)Wn . 1.1si11!! lht• :1xi1mis. 10 \lt.· ,,qm\'aknt 1ti ,hc: c;munk:1 •111;pn;~sion fur iLi · tal1lc:m 1'~, and 
thL· n we.: ,1,wv1.• 1 he 1hi:1 ,n.· n t I rn ~ i 1 , ~, : i::m11111G I !'lllnpk 1.:xp t'1'.\imi.~. 

Lemm,1 ;? .J L.cl ¢ be n :lmplc cx.prc~~iun and J) · th· c:llt 111ic11 expn.".!'i.'iion fo.r T '1>· Thi.:n ti) ~ 4, 1;~m 
be shown using Al-A7. 
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.P'r,oof We prove the lemma by inducrion on che depth of qi. The basis is 'trivial. For the inductive 
step. let cl,< = ;ra(4',1 di~M .. . <Ii,} where a = a(4,) = a(T ). Let Fi, F 1, •.. ,F1 be the trees for 
<f> 1, ...• <t>,. If he last proje Hon of 4- creates in some column A a n ndi tingui hed 'mbol thm 
appear~ in iea\ic: of nly one of the F, ·s then we move his projt.'Clion below the join aml incor
porate il into the Oli,m·spondirig 1;,1>, 1.1.ing A7b. ll1LL~. ki us a. ume lhill ~.u.:h nomfi tinguishctJ sym
bor crc.ucd m 1hi:: l,L~l pn Ji.:Ction :1rii,.;-:mi in lt.'aws of at 1c ..... ,1 lwu nf rbc F, \. Let M, be the rm .S F 
Tw- that corrc pon tu the lcm,•c<s o ,.-,. fur i = l, .. .• 1. Let 71 be the !\uht~1blcau or T l!i de med b;1 the 
rows or M,. and let r; ' be obtained from T, by changing nonc.listin ,utshcd S)'mbol in10 a dis
tinguished if i a.ppcars in a row of another fJ' From our assumption abov,e,, T( i the tableau of 
di,,. Let N 11 ••• K be the nodes in the oonne ted components of G(T~)-

Claim J For all i. here is a j och that N, \;;;; MJ . 

Proo/of Claim J Similar co the proof of the (only if) part of Lemma 2.3. □ 

Thus. each M1 is the union of some / . Let M 1 - 1 U ... U N1• (Similar arguments hold 
fo ,he rest cf the M/s,.) 

Clllim 2 The N/s are disconnected fr.om e-ach other in G(Tt'). 

Proof of Claim 2 Let I E N 1, v2 E 2 and suppose that there is an edge ( \I 1• v2) labe oo u in G (T1 '). 

Then v1 and v2 have the same nondisOnguished symbol. t, in a column B in -. hich u has, a dis
tinguished symbol. Since (v1 vi) E G(Tc>), the row u has in r. a nondistinguished symbol b' which 
appe.ars ,a'.lso in a row of another M1• Thu • there are at least l\vo repeated nondistinguished syrnbol.s 
in column B cmn.radicti ng the simplicity of T ~- □ 

Thus. ·n G(T1') each N1 is a union of ,connect d componen . Let c!i 1 be the canonical e pres
sioo for T1'. B, inductjve hypothesis, ¢i1 - <f>i can be deri d from the axioms. Fro:m the con~ 
stmction in the proof of Lemma 2.3. 4>1 ,:: w.,ff,' ) (~$J) where e-ach ~J cone: ponds to a oompon nt 

of G(T1'). Using associativity of join and Oaim 2. cti 1 can be transformed to a 1 = 'ii.itT,' ) (i,l, 1'Mtbi' 

P4 . .. M it,/) hi:rc -i, t' i!. the join of lhc Ll,I / that corrc spon to th c compo.n~ nt~ wb · ~ u n.ion i N, . 
lcl X, be the set f uttrilmtc in which . }me row "n l , has a distinguish d ~ml l or • commt1n 
nondi. ti111gui hccJ · •mbol. with another Nr a(i!,/) - X, is the set f attribute in which two ro" · irt 
different components of G(Ti') that are contained in , have a comm n nomlistingui hed symbol 
that does not appear in any other 1. Thus. [a(l!,/)-X,] rl a(IJJ;) = 0 for an i* i and we can 
replace ❖.' in o I b -rrs,11,i' using A b. The nbl,l!au of 71' .,!Ji,' is obtained from the ws of N, by 
changing nondi tingufahed symbols tha appear in other N/s into dis.tioguishcd. Let I be the canon-
ical form for this expre. ·on. The canonic-<'11 expression for Ti is cf> = 11'0 ('f1M,-~f>d. ... -r ). By induc, 
tion hypothesis, we c n de ·ve: ; 1 = "Tl'x,'-"t' and consequ ntly, al = w~<T.·i(TL ... 7'1) . Prooecding 
sim.ilarly with the re-St of the M/s we can transfom1 qi. imo r.g[wa(r

1
·i(T1M .. . t>t~1) 

P'L.M Tr.-(T,')( "'~ ••• ~-..t)]. 
I 

1£1 Y1 = u aft,) -a(T1 ')t; Y1 is the set o[ attributes in which two N/s in Mt have a common 
fsl 

nondi tingoi h1,:d _ mbol tha doe not appear in another M,. Using A b we can move this projec
tion m 1hc r t. Doins the sam· with 1he rel of ch M1's transforms 4, into 1r0 (7tM ... T 1) l>t .. M 
(7mM ... M,l)J - ct,• (by A6). D 

Proof of Theorem 2 J 

Let d:> 1• 4~ be two simple exprc sions. with cb 1 ~ w2• Let <l>i. d>i be the canonic:il expressim'IS 
for th t bkaux T,c,

1 
= 7 1, Tei= Ti. From Lemma _,5 w~ C..Jin prove tt, 1 = <1>1 an d>~ = d,~ u mg, 

A1-A7. Thus, it uffices to prov1: c!ii ~ <t> • We will use induction on the structure of mi 
From Lemma -·• there is a homomorphi ·m 1, from T,. to T1• Sup~ h(b) = B for a 

repeated nonuistin1ui hcd symbol b of T~ in column B. Let r~• be obtained from 7"_ by changing b 
into B. T1' i sfo1p!e and comes atso from an e:-qm~ ·i n since G(T2') i a ubgrnph of G(T2). An 
ellpre. ion '1,1~' for T~' can be obt:ifoe<l from +: ::i follows. Lee •. be the node of ct,~ in which the 
projection th~u creates b t.ikes plac-e. From the consm.1c1fon of .:i canonical c.'<pression. all 
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projections that crcat nonrepc:itcd nondi -lingui hed S}'Tll ! t,1ke place al th1; ka\'e of qi~ . 
Therefore, no projection above ,. cn;::ite!. a nomli. tingui hed srm 1 in column B. The c.'ipression. 
lb2 1 is obtained from <H by indutling B in all projections at node ,. and its ancestors. Sinre 
h(b) = B, B E a(<hi) = ll(<l,2) and a(ill!') -= a(di;). 

We can show lb/ C <ti. using A7 (and AJ. A4): let u be the lo\~e t ancestor of\' in d,f och 
that [h subc. pre ·ion corrcspondine to the lrne roorcd m u ha 8 in its anributcs. The expressions 
tli1' and Q>: differ at lhe projcclion along the path from u m ·1·. b!t llt be the son of u in this path 
(sc~ Figure 6). and XI lhe set of attributes o( the subexpression of d,{ rooted at u1. From the 
choice or 11, no ubtn:e joined at a node in lhis path h. B in ic attributes. Thi.;rcfore, u. ing A 7b, 
we can postpone in 4>! the projection thal cre3t b mail 111 while preserving equality . 

• 

Figure 6. 

Changing then th projection of lit from '"x to, ;;x 8 (to get IJi, 2
1

) win sh ·nk the expression by 7a; 
, I 

thus, ilr;i.' c 4>1. 
Let now T2 be obtained from T2 by changing all repe ted nontli tingui hcd mbols b o[ T~ 

such 1hat Ii {b) = B !_!!10 the COm!~pondj_ng di . tinguishe.9 symbols. As above, we can find a_n expres· 
sion ~ 2 "'ith T~, = TI and pro e that ~2 .;;;; 4,2 • let 4i,; be the canonical expression for T1, From 

Lemma 2.5 we can how ~i = ;j;;. and lhccdore also~: C <bf. using the a."l:ioms. 

The r,es1rictio11 o.f /1 to the symbols of f~ i a homomorphism from T-:2_ to T1 that maps:..o.11 
r,cpeated non di ting,uishcd symhols into nom.lbtingui. hed symbols. Let G 1 = G (Ti). G _ = G(T~) 
Let (1,, ·) be an edge in G!'.: then Ii ::mc.J \' h:l\'1: a common n.ond1s1i11g11i h1.:d . ymhol b in SIJm~ 
oolu rnn Il in !'.l(T~) . Since h(b) is a 11rnulisti11gui~h1.:~! ~yml11 l. w~ have that dth~r Jz 11) "' h(I') or 
(Ji(u},h(l·}) is an l'Ugc of G1• Thcrdnn.:, the imag.~ {Untk·r h ,1Jf ii cnnnL"Ctcd ub£rnph 11 G!. is 1.:'l1n.
nec:-tecJ. 

Let N 1 . ... .Nt ht: 1hc nodes of lhc oonni.:ctcc.l components o C~. ,md 'i 1.-,;,.••M1 lhosc 2.f C 1• 

We ha,·c. h ( , ) ~ M1 • for t.'iich i, some j. lfo: c.:inon.!!="al cxrn:. ~inn for T;,,. T1 are q,; -
n.,(cr1C>L. o- ). ~md (l>i ; v ,.( , 1~ •. J>hi) whl.'rc t1 ;; o(<I-,~) = u(<I>, ). Ujr,g associativ ity iln<l 
commutativity of join we can write d.1 ;' as . ,, [(tr 1 N ... <1

11
) __ .( . __ Mo-d I, where the r,, 's of those ;s 

that arc- m~pp::d imo th~ _ ·1me MJ .in.: gniup:J iu~c(hl·r. Let W; he lhc SCI or attiibutcs in v.•hich 
two N/s mapped i11to .U, have 11 cmmnon ri:prc::1t1."ti nl1n<lis.ti11guishcd symbol that d ~- not appear in 
a row mapped lo a <ltrforcr,1 Mr Using A7b we c!!.n move tht! pmjei.1.ion lh:tl cri.:.ilc. these nondis• 
tinguishcsd symbol-. hduw the rir..1 j1.)in . That is. ~; i • tr:m .. ronncJ into ,,-,,fr1 •.. =r-1) (1 • J) whcn: 
a(r1) is the scl of ·nlm1H1s in hie.Ji ~me I mapix,-d men M, has ( 1 " d is1iug1.1i~l11:<l ~yn1.lxll or ( ) a 
common rt!JX'llh:d nontli.,tinguishcd sy111hol wi1h a row m. pr,:d iri .rnrnhcr Mr 
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Let Xi be the first set of co.lumns :rnd Y, he si.'OOnd set or ,~o\umns. etc that from the con
struction or G(T::J, ~ n a(T.!) = 0 and thi.:rdore i, n Yi = 0. The tableau of:,:, i f rmcd by 
laking: the tO'\ o,f T:! in the '/s that arc mapped to M, an<l changing repeated nondi ·tinguishr.:d 
syJnbo1s in Y1 into di tinguishcd. The nuri u l'S of,-, { 1 :S.r:S.r) ilr {1) tho ' coium.ns in which a mw 
of M has a di_stingur hed :mooI. and (2) tht: columns · r1 which a ruw of \.I, 1,:is a common nomii~ 
tinguished s mbo! \\i lh_a row of ano_!her i\fJ. Let X, be the f1.m sc. of column and Yj the second 
set. Clearly. we hav,e X1 ~ X.i and Y, ~ Y,. let ZJ = X; U Y, . L t S(r) be lhc set of colum11 in 
which a row r of 7 1 has t.listingui. hcd sym I. ~nd F1 the famil)' of such 'Sets S(r) for all rows r in 

M,. From A and E ampk 2.1 e h.wc i; = 1r-t.1(~fi1) a:: 'iTr2 ([M=rd~ [~( M r.5(R)l1) = (by 
,r j I HF, 

AS, A6) 'l'l',ir>h,' ). whc.re ,-,' "" =f,~ ( M u,s(R)) . 'ow. a(i/ ""Z;· the tableau of -r/ is that of i 1 , sa, 
with some addilim1 I row . each or which h:t only di 1ingui hed and nonrcpcated n ndistingui hed 
symbol • and lh rdore is simple. Th ~blc...au of z,Yi is obtained from 1h r, ws of ,\fr b changing 

repealed n m:li. linguished ymbols in Yi into disringu.ished and therefore is also :simple. Now, Ii 
gives a homomorphi from the tableau of , 1 ' to that of -rrz,71 (with the new row in T,: mapped to 

lhe corresponding rows in the tableau of r.z,1'1). Thu , ,rz;r, ~ / can be proved from the axiom . 

We have 41' = 'l!l'a "'f1M. .. M-r!) ~ (b. Al) 'TT1:1(T1M •• J)i71) !:: (by A7a 'lla('ITz
1
'>t1>L.M ,zT1) - ' ~ (by A3 A4) 1r0 { t1 ' Pd: •• -~•hr') = 4>; ~ 4ii- □ 



3. EXTE DED RELA nff 1 

Let R' be a relation with auribu es o(R) = U = {A ,B •. .. .Z}. The l!.tteruion R of R i a rda· 
tion with a(R) ;;; fi = {A 1,B 1, •.. Z 1.A~.B2 •.. . .Zi ~4 •... }, and such that ~ = {(1;.c; ... ):t E R}. iii 
therefore an inJinirl! collurion of copies of R . The attribute A1..A2 . ... of R are said ~o be asso~·imed 
with (,or copies of) the ntiribute .-\. \ e can ha\'i: proj~tion a~ join appli ·d w cx~mkd rchtions.. 
We adopt the convention that projection to a finite ubset o U is applied 1 ·t 10 R. lf ¢'1 amJ d>~ 
are expres.sions over fi. we write 4> 1(R) C <ti.(R) lo denot0 th identify inclusion u11tler the assump-

- e -
tion that R is .an e.nended rdatian , that i , he clemen of each tuple of R corrcspondio w A,,A1 al!'c 
re tricted o be the same. 

If it appears. thilt by the abo,·c definitions we are introducing infinita'I)' 01 rations in our alg -
braic language. we r,cally are not. We could .:ichie\'e the same effect b cot1 id ring c:xp~ ssrons over 
project. join and a new operation called say duplic rn, v here d11plic-a1e (R) = {1 ;1):1 E R). A for
mali m im.ila.r [O ours, only with a limited nurnber of copies (n mely. 2) of each attribute allowed. 
was used in [ ime 1979]. 

Extend~d relations can be u: d to ex·prc dependenci • 1hat were pre,.·iously thought or o 
non-algebraic. For example, the funcdonal dependenc. A - B can be written as 

'TTAf1
1
(R)Mn,rnJR) ~ r.ABr9J(R). 

Exp _ ions on extended relations play a ve-ry importar.: role in our development_ To show 
their inhe nl stability as a concept. we pro·ve that they ar uivalent in e pr ssive power to two 
important e-xistin systems: projcct~equijoin expr · ·,ons. and tableaux. 

So far, a relation for us was a [ of sets of mappings. ne for each attribute of U. In drn CUS· 

tomary math. maiical sense, howe r. a relation is a ubset of a: C-artesian product; that is. lh 
oo umn re ordered. We hall re the te-rm ordered re/orion for these. Our rdati will be some-
tim _ called ouributed fo distinction . 

The e-quijoin operator was de med by Codd on ordered rcla'lions. To mpare the power f 
equijoin to expr~ions ov-er ,extended rdations we will associate each c umn of an ordered relation 
'9-i h an amibu[e in U. H R1 is an order d rclatio wnh each column associated ,with an at ribute 
and R2 an anributcd relation with lhe number of column of RI equal [O a{R2) I, we say that 
R l == R 2 if we can order the a ttri but es uf R ~ s • chat the r t:dfrng o rdcred rel ti on is equal to R 1• 

( ote tha.1t this impli that corre ponding columns in R1 and R1 are associated v.i th the same auri• 
bute, since the dom~ins are disjoint.) If R 1, R2 are rela1io , and / 1 = {i i, . . . ,in}. !_ = {ii,, .. Jnl are 
sets of columns of R L• R2 r s:pcnivcl)' wi h column 4, it associated wi h the sam attribute for 
k = 1, . .. ,n. the rquijoin of R1, R1. Oil / 1, Ji i lhe relnition R1

1
~ ~ R1 = {(11.r;iJ : t 1 E Rh r2 E Ri, 

and , .. = 121 ] . The columns of R1 M R., ar associar <l :ith th . a.me anribu1es as in R1, R::! . 
.. i • r

1
1: -

lb.u • the definition of equijoin includes the nocion or repccition of column _ A pr j<..'lCt•equijoin 
expt ion is nn ·xpre:ssion built using projection and equijoin over the inglc r1ablc mbol R 
ranging over all relations wilh IUI column , ·ach of whkh is assochitcd wilh an .ittribule of U. 

Theorem J_J (I) [f ·<Ii i:s a P_!.Ojc t-equijoin ex rc ·"ion. th n there i a projcct-j in expr · ion <!> ' such 
that for U rclmion R, cp'(R) = .J,(R) . (2) oawersdy, for every project-join c . prcssion $' there i 
a projccHx1uijoin c,;.-.:.pre ·s,ion Iii such that for :tU rdations R. <\) ' (R) = d, (R) . 

Proof ( 1) The pmof j,_ by induc1ion on the :;;lrneture of <.I,. The ba. i (t/>(R) = R) L trivial. or lhc 
induct' on :m:p. su pfl()M: fir l 1ha t ~ = ,r 1tt , for :-n me ex p:re. ·i~.111 rJ un cJ ~l of column I. B the,; 
in~ uctinn h)l ,thc; i1, u (R ) ~ rr ' (R) for somi:.• rr ' . Let X lx lhi.: sc1 of ,mributcs of a(rr'} 'llmt 
corr~pond to th~ cnlurnm, in I . \ . c c.iki.:- 1h' = n _icr ' . If ¢i(R) == rr 1(R) M u ~(R ). let n L' , c:r2' be 

1, J1 

such hat o-1(R) - u 1'(R), rr~(R) ""' lTz'(H) . B. 1,;hanging the name of me anribul · we can 
ch a 1". a~·!,,() th· tu a 1') in a{IJ' ') = X wlrlcrc c:.ch attribute ·in X com:sponds 'tu a column in 
/ 1 of o 1(R) and the corrc.ponding col.umn in/_ of r.r,(R) . ur e.ac:h anribi:.U~ A, in .X we introduce 
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an attribute A I that doc not appear in 1' or o-2' anti ch ng ev,c:ry proj -_tion in cr- ' that include A; 
to inclmJ~ al.so A,. Let 'i 1 be the resulting cxprc.:i-Sion. For cv ry R. 7 1(R) · o-1'(R) '1h sorn!: n w 
columns '!!ch arc _opi!.! of lhc column- in X. From the definition of Lhc equijoin then 
~(R) = ,1(R) M cr~'(R) . 

(2) Let ct,' be u projc.-cc-join e.x: re· · n. U ing equijoin of R with itself a ·ufficient number of 
times we can er a a rd tion which coma.in one oolumn for every auribute Ai that appears in 4>'. 
□ 

It. wiH be: useful for our furch r discussion l imroduce able ux also for projc-c -join expres
sions over extended relation·~ ,,..(! call them e.tt,:11d~•d whleatt.'C. An extended 1ab!eau T i a (usual 
tabkau over a finite subset X of U. nd deJini: .ll mnpping J, from relations R o er U to relations 
o r the set a(T) h fj of aitg-ihutc · in which T h:• a distinguished symbol: this mapping is obtained 
by taking 1he pr J ction o R onto.¥ am.l_applying to it the mapping fr defined by Tin Sccfon 2 as 
a usual tabl.cau . From an xpre ion d) R} we can construct an e t~ded tableau Tr> over che set X 
of attributces whirh ::ippcar in ~ - nole thal i'I'lcc pr jc lion f R LO a finite set of auribu1cs is 
appticd fi , the set X i finite. The tableau T .J. is constru ted fr m q;, as in Sec ion _ by reath1g <ti 
as a usual expression on a relation .symbol over X. 

To understand how rhe eman ics or lhe ex ension o( a. rela1i merino he detenninali.on of 
fr we must intmuuce an ,operation on tabJ au:· c llcd d1ase [Maier et al. 1979). H _ is a set of 
functional dependencies and Ta tab! u. th~ ch. of T under I, chuser,(T) i the tableau obtained 
from T ap lying rhe following transfonnalion repi:at dly whenever possible: lf X - Y is a func ional 
d pendency in _ and t '-'O lupl,~ r,,1· of T satisfy 11.x - vA: hen for every attribute A in Y Yi mak u 
and v" identical; i£ one of them is distinguished, so is the rcsuhing ymbol. Th final rnbleau 
cl:aseI(T) is unique up lO renaming of nondistinguishcd symbols. ow et F be the set of functional 
dependencies A. 1 - A; for eve two d1stim:t copic t\i. AJ of th s.1me anribut A of U. We will 
show lhat the semantics of extended relation arc captured essential! by lhese functional dependen
cies. If Tis an extended tableau, 1h • chase of T under F can be con trucled in a ery "mp? way as 
foUow · _ 'For very ami bu I c A E U fonn a graph G ( T) \lo1 lh the mpl~ of T as nod - and an edce 
between 1 o tuple hat hiJVe the ame symbol in some copy of A. For each connected component 
K of G,1{1) and each column A1 o T ma c the entries of the mples m idcnckal; the common 
symbol i di cingui. hcd if some tuple of K ha a distinguished symbol in column A1• In the resulting 
tab]eau clwst',-(T), columns corr ·pomling to copies of th" sam attribute arc identical up to renmn
i ng of symtx:ils. 

umma J.J j7,(R) "'h11m~,m(R). 

Proof fAha c ::it 1979] .how Umt if a relation I satisfies a set ~ f fu11cti n. I dcpcndencie. hen 
fr(I) - {~1=~ .mU ). The lemmo then follm, by noting th l 7T.;(R), when: X are the columns of T, 

satisfie the set F o[ unctionol <lcpcndencies. □ 

U T i an extended rclati n ,.,.;,h t of columns X, and X' i a upcrsel of X. we can form ari 
(extcnd~d) tabkau T' wit'1 set , -r column X' and c1(T) = a(l ') by adding to T' n w columns 'II.1th 
di tinct nondi tingui hcd variables. Obvious! •. Jr(R) = f-dR) for every R . Thu if T1 and T_ ar 
two ,ext,cridi,;d t:.lbkau with :cl$ o column. X . X_ rcspr lively. we ran consider them a rnbleau 
O\'Cr the same set of column .Y I LJ X _ hy ·Lckling new columns. The follO\,,..ing. kmma say ·en· 
tially Ehac the set F of functiun.11 tlcpcm!cncic · c·Lplures the scmaflli ~ of ext1,,;ndcd relations. at lea l 
as far a c mp: ri; :m f iabJl!au (and 1hcrcfore :d$o cxpri: ions) i · con med. 

Y'mmo 3;} Let T1 , T=. tx- two c.bkau. with the !..1mc set X of ·01L1mn and a(TL ,._ n(T~). 
fTJR) ~ fr~ R) for eve I relation Rover U if .ml 0111 if L-""•~,cr_.{J) C /,11.u ... , tr:i(I) fo r every rela
tion l over X. 

Pro'()/ 
(if) fr,(R) ; J. lw.lr,(r,)(R) = /clt.rst!,ff,l( R ).:_ for 1 2 Let I= nxR 

U1cn hJR) = /.-11.u~,1,, )(/) ~ f.,1w. .. ,t,:)(/) = 1rpn. 
(only if) (Aho cl al , '979] how lhat if ... is a set of fuaetionn'I dependeocic then /c~,/J,j~~tr

1
i(I) 

k lcl¥l:u1tt?)(I) for t:-\rcry relation I if( h.(l) ~ frP) for C\'cry rd tion I satisfying ~-
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Suppose now hat /c"has~,(T,}(/) ¢ f ta~u1 T~)(f) for some relalion / o •er X . Then here L a rd a

f on I O\/ r X satisfying F such 1.lrn( /r
1
(/) rJ, trp). In I, columns corresponding to renamings of lh~ 

same aUrioute of U are copies of each o,her. Lel R be a relation O'-•er U obtained from I by kc~ir 
ing one column for each att.ribute of U and adding cotumns,. il~ diMincc new ;n2 Is for attn_: ~rte· 

~f U that don·t have copies in X. It is e sy to e then that fr
1
,(R = fr,(n:.lR ) rJ. fr:{"'"R) = 

fr(.R). □ 
1 

Our proof •Of the equ 'valem;e bet-. een tableaux aod e. CIJ_ded expression i b:t..-.ed on a useful 
lemma. Call an e.xpression shallow i. it has the fonn 'Ti. ( -rr. R) where the X1 's are finite subsel o 

I ' 

,fj_ That is, a sh:illow expr ·on i one whose tree has (a mot , one node "';ch ou degrc,e gTemcr 

lhan on . A tablieau th.a corrcs nds to a shal!m expression is called also sllti lhnr. Each column 
of a sllallo\v tableau has either (i) a di tinirui hcd ·mbol and no rcpc'ntcd nondi ·1i11gui h d symbol 
or (ii) on repemed nm:udistin uishcd ;mbol and no dis inguished symbol. nd conv rsel . n 
tableau T that satisfies lllese conditions is shal?oii ·: Let Xi be the t of auributes in "'·hich the Hh 
row bas either a distingui he.d or a repeated nondistingu.i heel symbol. Thi:n T = T <I» he.re 
cl> = it a(T)(~r.) . Th'US, shallow able.aux are a ve:ry spi..>cial case of simple t.ableaux. 

I 

Lemmo 3.3 Lel T be an ,extended tableau. Th.en there exists a shallow e:Xten d tableau T' such that 
fr(R) = fr(R) for all R. 

Proof el r1 be the chase of T under F. ln T1 columns corr sponding to copies of lh nt attri
bute of U are renamin of ~acll ther. Therefore, if , . A1 arc two copies of the same attribute A. 
then the corresponding column in T1 h,m: Lhc s:nm: number f repeated ~-ymbol: .ind in ~actl th 
same sets of rows. Let a1,a2 . • • ,a~ be the repeated ymbols in a column th.at com:q,onds ton copy 
,of attribut A and S.,S2, ••• ,S,. the SClS .of rows i11 which they appear. (One of the a/ s mighc be a 
distingui h d ymbol.) Suppose thal the rows o-r S1, ... s, have only noodi tingui hed symbols in the 
colunrns tha l corrc pond to copies of A and S l:.: •. ,S ha,·e a dist in _ u i bed ym hol in at lea t one 
such column. introduce k nc.\ attributes of U that are copies of A . row in Sj ( 1 ~,is k) has a 

pcated nondistinguished symbol in ·th i-th new copy of A and distinct nondi tin ul ·hed symbols m 
the othe:r copies. For each attribute in a(Tl) """a T)) \le change all repea ed nondisLi gu.ished sym
bols into new di ti net on . FioaU., we delete aU old attribute thal arc not in a(T 1). Let T' be the 
constructed extended tab] au. In Figure 7 we show an example of this transfonnation. 

A, A~ B 

A1 04 bi A '"• 
a1 A2 8 a, CJ 

t.l\ A, b2 Glj ! ' t T': 
a2 tl 3 bi 0. C:z 
,h a, b, (J7 C'\ 

Figure 7 

Blanks indicate di tincl nondi . tingui.shcd mbols. 

A1 A1 B 

A b3 C"4 

A2 B c~ 
Ai b4 CJ 

a9 UJ. Cs 
Cl'q b.J 

Oear y, T' L a shallow e>..1 ndcd t.i te~n1. Let X. X' be 'lhc ser or olumn of T (or T 1) und 
T; respectively. · ct T ~ be obtai n~d f rem T I ti;· adding for each coh.11i1 n A, in X ' - X ~• n::: m.um:J 
copy of an attribul A; E .'< wilh all s m ll. nondi~1ingui ht.-d. kad , chas1•,. (r_) = T2• Lei T" 
be obt.:iincd from 7"' by res.t.onng the Cl1 urnn ,of X - X' [hac we dd~kd. Now 7 2 and T" have thl.'. 



5an1-e set of columris. Let T_1 = c-f1ast,f·(T"). fr-om Lhc conmuction of lhe chase [hat we d~~ribcd 
before Lemma 3. l. T3 is idcn1irnl to Ti up to re-.nami11g of symbols: ju t note th. t for every A E U. 
G"(T:::) af!d G,1.(T") are both u.nions of the same disjoint cliques S1 .... ,S,,. Therefor£_, T~(l) = JJ.(I) 
for every ttfa1ion I ov"°; X U X', and from Lemmas ::u and 3. we ha.Ye frlR) = fr

1
(R) 

= fr?(R) = fr (R) ;, lr(R) "" fr·(R) for ever}' rclatior1 R over U. □ 

TI1c tableau T' c n t'l11~1cd in the proof of Lcrnrna 3.3 is called rhe cau.a,1iral :du1llo\11 tablea.l 
for T and the correspomling sih.1!low expression qi' is 1he ccmonir:ol ilmUou• expre:$sir.m for 1'. It. is 
uni:q ue up to _ renaming some or Lhe anri bu tes d'mt are not in a = ci ( 4>') = o (T : 
$; = 1r

0
(~-n-x,{R)) is characterized by the fact th:n no Xj contain~ two or more copies of an attri~ 

bute A E U uni they arc all in a :::::, a(4>'); furthermore, if two copies A., A1 E o of A belong to 
some x •. then chey .ire in exactly the same X1 ·s. 

Lemma .3 says tnal the difficulli that ar !-C in the C1 of t.LuaJ proJcct-jrnn e.'llpressions. 
due to tlle fact that nol .ill rnblcaux come ram ;1,pn:!:i-.~Oris. cea to t·xi L \. hen we go to extended 
relations s:"nce cl/Cry cxtcnclod c~1ble:rn com: ponds to an expression (and one of a ·cry imple form 
actually) over extended rek1t ions. 

We wit! now show .i converse t Lemm 3.3 which charncteri7.;cs the power of (usual) tableaux 
.i algebraic terms. 

T11eorem 3 .2 L.et T be a (us11al} tabl.eau. Then there exists a (shailow) projec(ajoin expression qt. 
with a($) = a (T) ~ U such thal for all relations R, fr(R) == 4i(R). Conversely if <t> is an expres
sion over extended relations such that a(¢) ~ U, th n th re is a (usual) tableau T such that 
fr(R) = ¢i(R) for all relations R. 

Proof Toe trst pan [o!!ov.·s immediately from Lemma 3. 3 since every ( usuat) rnbJeau T is al.so an 
extended tableau wilh fr = Jr, 

For the seco rid part, 1et d> be an expression over extended rctati on with o ( d-) ,;:: U. From di 
we construct an extended tablea\l T&· Let T1 be th chase of T under F . We ha c d>(R) = J1,(R) 

for every R. Let T be the (usual) tableau obtained from T1 b. keeping only one copy of e_!ch and• 
butc in U ([he one with the di~tinguishcd symbol if there is O~<!) . W, d.iim that fr(R) = fr.(R) for 
every R. ln proof. lei R I a rdalitm over U. {J) Lel: E fr (R). L.et . be the set of column of 

' -T1• There i a \'aluation p of the :sJmba1s ol 7 1 such thnt p(w E "11';1:(R) for all H' E T1• and 
t = p(s T1)). The re 1ric1io11 p' of p lo the symbols of T sattsfic. p'(H) E R. for each 1t E T :nu.I 
, = p{1'(7'1)) = p'( ·(T)) . (2) Let r E" fr(R) am.l h:l p tie ·1 v, luri?i(ln f the ymools of T :such that 
p(u) ( R for all u E r and 1 =- p(:i:(T)). Extend p to a va.lu::uion p' of all lhe symbol ~,( 7 1 l,y 
rnnpping a symbol in n rkh.:tcd c-0p_ fan auribute,. to the image of ch Sj1mbol that appears ir, the 
Sl'lme row .it the c p)' of A lh..it " c k pc. Thi i · ·ib!i: i\irice column !!I T1 that are copic-.s of the 
same :mribute .ire rcn:1ming of each other. Clc;nly. p'(w) E 1rxlR) for each w E T1 and 
, = p(s(T}) = p' (s(T1 )). □ 

Another intcre.sting consequence f Lemma 3.3 cone.ems the complexity of the inference prob--
1 m for data dcpcndericie~. An ,:mbeJ,kd jnrn dqu:11u1;•ncy (EJD} is a s.t.itemem of the- form 
"lfx{-ir.w 

1
(R ~'ii,\}R )M ... ~"" (R )I ~ ,,,dR). Tout is, an EJD is a ~atcment ¢,(R} C IT1,1(~1(R), 

where ¢ i a ·hnlluw c-.,;prc: ion. from Lemm• 3.3 eve . cxpr ~frm over c. tem.!c:i.l rel.1lions has an 
equivnknt h 1ltow cxi rc.s.."-iun. \ ~ stiy th;;it :t ~I of st,1kmcms (or i.lcpcnc.lend c-5) ~ lo~icall, · implies 
another statement a. di.:'r1, tcu a· ~ - u, where S .. md rr arc st;ih:mcnts about. a -single re la don R. i 
every relation R s..1u-sfyu1g ~ satisJic~ :.ilso a. The inft>n•un· prvbli:m for a. class of dq)Cnd~ndes is to 
dcddc ,.,. hcther a sci :'.:-: of such d~pcndcnci~s jmplics anoth~r dcP'~nc!f-ncy tr In ~t: cl~ . . \'. 'e wiU 
show lhrtl the in fore-nee prnbkm for ,.kpt.!nd~ncics of the form q:,(R) !",;; 'ltuti1:l l(R) is pw::ilynomi:i.11; 

~ 

1educibk to (nnd lhus nut ignificantly h.:.uder than) the inference problem for EID's (on an orcli-
nail")' relation, nol an extcn. i r1 of ne). 
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At first we must extend the definition of the chase to dependencies of the fonn ~(R) ~ 
'li'x(R), where q> i a projcct~join e.1...-pr -ion. Let T be a tableau and er a d ~ndcncy 4>lR) ~ 
-rrx(R). let T1 be • tabh:,m obtained from d,(T) by adtling one column for each attribute in 
a(R) - X with all entries distinct new ~ mbol.s {i.e. not appearing in T). An application of the m/e 
for a to T is the rcplJc-emcm of T by T U T1. If - i-s a set of d~ ~ridcm:ics and T a tablc~rn. th 
cha of T under !. cha ·1(T). is the resuh of rcpc red applica1ion of the o--rules f r ch rr E '.!. .1~ 

far as passibl . D'l.e th.u h:\ .;:(T). which miS?:ht be an h1 mite relation. satisfies all de.: nd ~ncies 
in . The chase i a procedure that arche for a counterexample to an impli ation ~ ~ cr. Lei 
a-= il>(R} C ' ·"(R) ant.I kt T be Lhc: tabLcau of d>. Then ~ I= o- iff s(T) E r.J (cha~(T)) (Maier 
et at 1979, Sadri and Ullrn· n 19 OJ. U s(T) l .. , (chast.~(T ) then chasc~(T) d not satis y rr , 
and thus it pmvides a counterexample to the implication ! t== <r. \Ve express thi ra las follow , 

Proposirio,, 3 _/ (The Chase Pan.ial Deci ion Procedure , [ 1aier e-t J_ 1979]) 
Let!: and o- be .a alx:we. Then!. F <F if tmd , nl. if s(T) E cha ~(T) . □ 

In the ne t ction we hall give an inter tin · d11ol intef"jlrel. ion of the chase. 

To extend th theory of deductions to dependcndes of th - form <fi, 1(R) ~ 11,\·(R) we mu t 
r 

somehow capture the semantics of the copies of the a.uribuces of exteru;l,cd relation. Our next 
Lemma says cha his can _ done hy a sel of functional dependencies. In fact, multivalued depen
dencies ar,c enough (Lemma 3.6) 

Lemma 3.4 Let = {4ii(«) ~ ir, (R), ... , 4>n(R) ,;;;; , ,dR)} .and u = ~" 1(R), C -rrx ~ (.R), Let •• .' 
~ I ,~ .!!1 ~ I!! a 

and a' be as I and o- with ~ replaced by ( ,(i.t:, v..ith Lhe expr ions regard, as applied to an 
,t' 

ordinary relation) . Let F be lhe se,t of functional dependencies A, - AJ for distinct r::opies uf Lhc 
same amihme that appear in so e expression in U {u}. Then IF a if and only if 
_,.' U Fl== a '. 

Praof Let X be th set of onributes 1hat appear in som cb 1 • 

(if). i• U {F} I= a' mean lhal e ery relation 1 over X that sati fies the functional depend .ncies .F 
and c!i1(1) ~ 7r ii) for i = 1, ... ,11 satisfies also ~n . 1(/) C .rx •. 

1
(/). Let R be any relation ov r U 

satisf'.ying }:_ Then l = -rrx(R) satisfies F aod l:' and therefor, 4> +1{R) = $,.. 1(/) ~ 1rx.)!) = 
vx (i). -

••·l 

(only if) uppose that I' U F a 1
• Th n there exists a lation / over X · hich satisfies~• and F 

but not a-' . ince I satisfie F, an two column of / that corr pond to attribute A,. Aj, copi of 
the same attribute A 0£ U, are renamings elf e:ich other. Let R be a relation o c U fom1 d by 
keeping from I on c- P. of each anributc of V. TI11:n R satisfies }: but not a . 1:1 

L-emma J.S Let T be on extended t·Jbfo,11.1 viewed as a relation) \1 ith l of column X. Let T' be 
obtained from T by addiog one new copy cf each aurihu c in U with ·my symbo[s nlrics, and t::l 
Y be th - ct of columns of T' . Let F be the ~t of FD's A1 - A1 for ui tin ct copier A;, A; E X of the 
same attribute ::ind M be the set of MVD"s i\ 1 -- AJ for A,, A1 E Y copies o th· · me attribute. 
Then ch ,,(T) ~ "lf,1.·(dws,~.,,(T')). 

Proof Jt suf ices to how how an application of an FD-rule in T can 'be simulated by MVD-ru] in 
T'. Suppos~ h_at the FD-ruk A, Ai i appli(d to t,vo rm\ · u.,, of T. Let u,., = "'"· =- a11 , , , = a1, 

v,. = CJJ • uppc:ise lhat ,1tl oocum:nce o a,' e- r~pfaced by aJ (a; could bi.. a di tjngui hcd S)'lTI· 
I 

bol). Let ,,. be • notber row or T \'ith \I·", = o,' . The row 1,• will be replace;d b another r w' 

which ha: a1 in the A1 cnlumn and agree with. u- it1 he re t o the column..-.. \ e: must how how m 
gcncrntc r m T' u. ing the 1 D-rutt." a W\1 whose ·proj1.: lion on X agrc., \\'ith n-' . Let AL be the 
copJ of aurihul • A in Y-X. Applying th~ 1VD-rulc or A1 - A, to rnpk~s w and ~· of T' we get • 
row w1 1hrit agrc1.-s with ,. in .4. :md with 11• in Y- A . Applying th..: 1 1)-ruk for A, - A1 to 
tuples 11 and \' we g~I .i tuple \ ' i that il~rl!cs with 1.• ·lit l'-A1 and has cJ1 i11 c:ulumn A,. rnv. w 1 
agrees ith L' I in "otumn A • Applying chc 1VD-rnlc for;\ -- A1 to h't ._1nd I we gel ·1 tuple "'? 

that agrees Y.1ith •~11 in Y-Ai ,ad with v1 in ~· lhmm Ar Thu. , w1 n )recs. with w in Y-A,A• ·md b,1: 
o1 in column Ar Therefore, ics proi~c ion co • i. w'. □ 



As a oorollary of Lemma 3. a.nd 3 .5 we have 

ltnima J .6 'l.ct l: = {q,1(R)1 ~ ,.'x (R) .•.. ,$.,(R) {: 71".y (R)} and er = 4>~+ 1,CR) t: 1Tx. (R). Let l:' 
~ 1 'E • r • I 

and er' be a..,; .: and a with -;:: replaced by ~ (i.e. with the expressions regarded as applied lo iln 
~ 

ordinary rclntion). Let r contain the amibtuc !l()pc:uing in me cj,1 :i.nd in addition one new rnpy 
of eac-h at ribute in U. Let M be lh set of mul i,·alucd dependencies (on Y Ai --A1 with A1 • 

A1 •E f distinct copies of the same anribute 0£ U. Then I I= ,a if and only if l: 1 LJM f= a'. 

Proo/From Lemma 3.4, l: Fer iff I' U F I- 11 here fi ar th funcf·onal dependem;ies A1 A1 
with A, AJ E X. the set of attributes that appear in lhe d:i/s. 

(1) Suppose 1hal r U M ,,,,,, (]' 1
• Let I be a re]ation on X salisfying ! 1 LJ F. Let r be 

obtained from I by adding one column for each attribute in r-X which i:s a renamed copy of a 
column in X that corresponds to the same attribute of U. (Since I sa:li sfies F. aJJ such coJumns are 
re am~ngs of each other). Cfo:::irly, I' satisf cs ' LJ F' where F' i~ he functiona] fom1 of lhe 
MVD's in M. Therefore. I' satisfies also l:' LJ f and a' . Thus. I sati fies also rr'. Consequently 
l:' U F t=, a·' and i t= a . 

(2) Suppose that I 1 LJ F F o-'. Let T be th~ tableau of l!in+I with set of cotumns X, and T' 
with sel of columns Y. The rableaux T and T' satisfy the assumptions of Lemma 3.5. Since 
l:' u F I= 0'

1 chaSC:I·uAn oont.uru. a row w "'h_ose proj~ion to Xn l is the summary s(T). 

Since a( 1} .;; X for each r1 if the rule for a/ = <b1(R) '!;;;; 'ITx,{R) can be applied lo a set of rows of 

T to produce a new row u. then the rule can be applied atso to the same sel of rows of T' to pro
duce a new row r.' that agrees with rt on X. Combir1ing this obse:n•ation with Lemma 3.5 Y.+e con
clude tha.t using the ru ]es for L' and the lvlVDs in M we can generate from T' a row w' which 
agrees with u on X. Thus. s(T') = s(T) E 1rx .. ~

1 
(chase!:U&r(T')), and consequently 

1.:' U M I= "'. □ 
Contbining now L-emma 3.6 with Lemma 3.3 we have 

Theorem 3.3 Let I.= {cfi 1(R) C: irx (R), .•. ,<fi~(R) C -n:x (R)} and u=- $~ 1(i) C -rrx (R}. Then v,e 7 I - ~ - - -;:' .... J. 

can find a set r of embedded join dependencies and anolher EJD.., (over some set of auribuces Y) 
such that ! I= er if and only if r ,I= 1 · 

Proof From Lemma 3.3 we can con cruet fo each di; ;in equivalent shn11o :Xl)ression clir'. Let Y 
contain the .attributes that appear ~tu all ~•s and in ilddition c:me more copy of e;ich .iuribute of U. 
The sci consists of lhe sec M of 1vo·s A, -- AJ wilh Ai. A1 E Y copies of lhe same amibute of 
U. and the set of EJD's d;i/(1) ~ ;rx.(ll. for i - l •.... 11 where J ranges over relations on Y. 1lic 
EID "V ics clin 1 '(l) C Tix _ (I)• □ ··• 

Note that the uan forrnalioA of lhc _proof of !hoorem 3.2 is polynomial. Thas, the inference 
problem for depcmlilncics of the f rm -ti(R) C -:1\{R) is within a polynomial factor of the infe[ence 

r 

problem for EJD"s. At prl!SCnt, however, il is not known whethc this inference problem. is even 
dcddable. 

Let us return now to the :r<iomalh:ati 11 or idemhie . We showed in the pre,,.•ious dis:cu~ion 
that lhe functional dependencies in f' (which c·1pturc the semantics uf extended relations by Lemma 
3.21 can be_rcp,accd by Lhe oorrc:sponding. I\ □· . :u I.east ns far as inference of .identities 
♦(R) ~ 'li'x(R) is concerned. Let ns therefore introduce the fol?owing axiom. ,, 
AS: f(?! a.H X ~_a(R), and A:. A; copies of the snme .imibutc of U, 
1fAA ·(R)M-n" ~.(R) = "fli,1,1 ~(R). r-, f rl 

No e that this mdom is the embedded 01uhi\·alucd dependency A; - Ai IX. 
Let us see ho, some cbvimis ( and U$C{ ul) facts ;1 bout cxp.ressions on e.!(tendcd rclat ions c~n be 

derived from A combined with the axiom or &-cli1.m ! . U <j) is an expression ._,.,e d note by p(cpJ 
the sd of attributc-s that uppear in 4i,~ a(4,) ~p(<l,). Lcl <fi,vx denote the expre -·on obtained (i,om ,$ 
by repTadng all ,occurrcnci..'S of A in¢> by X. 
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Lemma 3..7 1) lf A• E a(«l>) A1 Ip(,$), then A,A,"•N:i = <PA/Af'i can be proved from A1-A8. 

(2) U A1 E p(<fi) A1 f. p(<l>). 1hen 4> - 'ITx 4iA/At') where X = a(~). c.in be proved from Al-A 

(3) If Ai E. p($), A; f p(4>,), then ;rx$ "" 11' (<l>A/A)• where X = o(.<J,) - A1, can be proved fmm 
Al~A8. 

Proof We prove (1) and ,(2) by simultaneous induction on die structur-e of it, . 

(1) The ba is (<t, = ,rXA (R)), is Axiom A . For the inducti.on tcp suppose t.hat cj:, = 1rxa. 
I 

Since A E a(♦) A1 E p(<t>), e- have A1 E X and therefore A, E a(a)~ a1so A; • p(a). Thus, from 
th induction hypothesis for pan (1), A;:A/fo = c,A/At-,· Since a{o-) n {A, ,A1} = {Ai} = 
X n {A1~ 1}, from A7b we have: AiA}'i'l'l'~cr "" "'il'Af'(AiAlhrxrr) = 'ii";(AiAJ~>fo) = 

'l:r,c,(0-A{At') = 4>A/A1AJ . 

Suppose now that ct>= u -c. We have A1 E a(cr) U a(T) AJ Ip( ).p(T). If 
A. E a(o-) n a(T) then iAi1(u .) = AiA;MAAJ')~(a·M,} = (A1A1 a)~(AiAJl>h) ::,e 

c,A/At-/~4.TN.,,1-, (from the induction hypothesis for (1)) = 4>A/A.A,-

lf A; E a(o) - a(T), then from the induction h)rpothesis for po_n 1 2), T = 11x(-r1,l"-t1) 

= "A/A/..1 • since A, ! X = a(T). Thus A1•A,')ct(u T) = (A1AJP<o-)~T = cr"'-/A/\/'hA/..t,AJ == <f>A/ .-.,A{ 

(2) The basis (.P'"'7rr(R)) follov. f:rorn Al. For the induction step, the case 4i- = wirer foHo,ws 
also from Al. Suppose therefore that <p :::. ,uM-r. HA, E a(d>), tben from the induction hypothesis 

for (2) and Alb we have a = aA/At', and T - ,-A/At'( Thus, wx4> = ~ = uN-r = (IA/A~, -r11;1tt,, 

= -t>·A/A;A, = ii" (4>A/A,A)· 
HA.- f a(cr) n a(-r) (the ca.5C that A E a ,cr)-o('"') is simi ar) we have from the tnduclion 

hypothesi for (1 ; 4'11 1,1.1 = crMAAPfr,1111 .. = A1AJ·MaM,."" Afi\,Mqi.. Thus. TI"x($AIA~) = 
d , ... 1 , , ~ , , r ·, .1 , , 1 

-nx(A,A, Ncl>,) :;;; 'n'".\'(A1 M4i,) (by A7b since A; i a(<f)),X) = 1tx♦, (by A2 ince Af E a(~)) = <fl, since 
X "" a(<!,). 

(3) F,om (2) and Al we ha e rrx4> ""' 

Ai £ p(it,). Thus again from (2) 7rx(4') = 
ffxcl> = r.x('PA/A)· □ 

Lemma 3.8 Le,t cp be a proj«t-join exprcssi.on, and I t <!>' be the canonical h.ailo,w e,qn ·ion for 1+. 
Then cl>(R) = cp' (R) can be proved .· A1-A8. 

~ 

Proo/We proc-eed in · h tree for<!> from the leaves to the root changing nami: ,of attributes so that 
the tab1cau of lhe resulting expression is shaUow. Let \' be a node of th Lree of <I> and SUp(Xlse l at 
w hllve already modified the sublrot.'S that re rooted in descendant of\" so thal for c ch such ub
tree rep:resenti n ° exprcsslon a the tabk"ju T.,. is hallow. and p (a)- a (a) doe n l c:ontai n any au ri ~ 
bL1tes a.ppe:!iring out ide a. lcl \)I be the ex.pr ion Cor the nb1n; rooted at 1•. 

Case l 1):1 = ,rxo", where er is the (modified) shallo ,expression of he subtree rooted at the 
son of v. 
For each attribulc A, in o(a) - X th t appears in aino1h~r ·midc that is no a d1..•:sccndant ,of 1• we 
introduce a n~w :LU ri l ute Ai that n ppca·rs m,-,,,.·he re else in the rrec. U 'in g pan C) of Lem.ma . 7 we 
transform Ill into ¥ = 1tx(a,,.1i\)• oh.: chat T~- i .hallow. and ,,(Ll'')-a(ljl ' ) does not ontain any 
a.uribut~-s .ipJ)l!:iring in the re 1 of che uee. 

Cau 2 Ill = o~,. wbcre ct and ,. are ihc (n odified) shL1Uow c 'pres.ions corresponding to t.he 
st1btrcc:s r • ted :u th~ sons of J". 

· ince p(a),-a(a) (rc-sp. p(,) - a(7)) Joe n t contain ill"l)I auributcs appearing oul:-ide c:r (resp. 'i) , 
w have p(u n p(T) = u{cr) n u(T), and there-fore. T L sh.:illuw. Al · p(IJ,)-u(~,) = 
(p(o-)-a(ar)J U [p(r)-a(,)J doc · nm ~ontain any aurib tcs :ippc·1ring out idc ,J,. 

Pcoc:ecdin£?, bottom-up in l 1i. ay we tmnsform 4> to c!, 1 with a :hallm rnhk;,mx. U Wt! mo\'c 
now all proj~ctions i11 ,¢, 1 thiu c-r te r pcat,cd no11disti1:1.g ishctl ·ymboL-. to 1h~ root, m , . atl 
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projections thnl create nnnrcpea, d nond.is.t.inguishe.d ymbo!s to the leaves - ~ible u, ing A7b ince 
1 • is shallow ~ and use ;i:s.sociali ity of join to oo!lect all joins in one node we will g l a shallow 
,expre ion <J,2 for T ,:i

1
• 

Let 4>2 == 1r..(D4 .1.,.{R)) ""-'here a - a(<t,~) = a(ct,) . Each co]umn of T - T •~ has either n dis• 
t 

ringuished :symbol or one r peated n ndist.ingu· hcd s m I. If two cohunns A, , A1 , copies of A 
have a repeated symbol in exactl.y th same rows (i.e_ A; is a renaming of A1) then .4. j appear.; in 
exactty 'lhe same Xi's Ai. If A1 I! a th n we can delete Aj using part (2) of Lemma 3.7; i. . 4'2 is 
,r0 (TA/A.A) for some-.. If two column A,. A1 with AJ f a have both a r peated symbol in me ro'I: 
w, then we can "merge" Ar and A1 as follows. Let 51, S2 be these or rows that have ai rcpeared 
symbol respective] in A, A1• We ha: c AL.EX for t E St, A1 E Xi fo1 k E S • A;. AJ i: X1 for 
:t f S i.Si. Since w E S1 n S2 we have -rrxJR) "" Tl'xJR)iMA,AJ (by A2 and Example - -1). Thus, 

4>2 = 1141 I( M -rrx,(R)l1M [ ~ 1rxiCR))MA1A1D4 ( N -rr,4i)l 
&,(SI ES~ ~!Sl~l 

In the tabfeau of lhe ast expression the c lumns A,.Ai ha c become identical up to renaming of 
symbols. Thus, we can delete A1 as aoo c. Continuing rhis proc-edure we end up wi.th a hallow 
exp.re ion i!,2 such that the cts ,of rows in which .any lwo columns A,.A, with A1 I! a have a repealed 
symbol are disjoint. The expr,e ion lls2 is the can.onical shallow expr ion ¢, ' of <!I· up lO changing 
the nam of some A; E: a (which can be done using (3) of L mma 3. 7 .) o 

Us.ing Lemma 3.8 we cim . how: 
- -

Theorem 3.4 Al] n1lid idcnlitics 4' 1(R) ~ q>z(R) arc pr vahlc from Al- 8. 
~ 

Proof From Lemm.11 3. we can transrorm i:\>1 and G: to their canonical h.11llow cxprcssiot1 · I!, L' and 
it,;i'. Thus, it suffices to pro;·c the theorem for canonical sh::illow eKpri; icons, Let <!i 1, <bl be wo 
such expressions and T1• T: 1hcfr t.1blc::iw. _ We can a ume tbal (p(cl, 1)- lz(<t, I )1' n [p(<t>2) -a($2)) 

= 0; if not chaml.e th names o( che otril:iutes In p(41,1)-a 4'L) using (3) o Lemma 3.7. 

Let A be an altribute of U and A1.A1---.A~ it · copi sin p{c!, 1). A1' ,A_', •. . .A/ its copies in 
p(,;1,-i} . Suppose that A 1 ""A 1' •. • • A"'= A,,/ ar the capie that re in a = a(4>1) = a(<!, ;:). Le · N1 

(resp. M;) be the set of row of T1 (re p. T:) lhm have a Ji tingui bed or repeated nondistingui hc<l 
sym bo! in c<liurrm A, ( resp. A/ ). Si nee c?, i :ind t!,2 are cnn on ical sh. II ow t.: . pre ion w • huve 
N1 n NJ = 0, unless Aro A, E a tmd N1 = • J • similndy for the M,'s. el 71', T';.' be 7 1 and T2 pad
de out with m!, column of distinct n mf tinguishoo _mboT to X - p((j,1) LJ p(cl,J , and let 
71 = char.c,.-(T1') . f :"" ch .. 1:.c, (T;) , From mmas 3.2 and 2.l there is .1 homo_morphi m It from f~ 
to T1• We witl 1d~ntify a ro~v 11 a T, (i ""' ]. ) with t!l cone. pone.ling row f 71 and t:"af f <bj. 
,column A1 (copy of A of T1 has one diff rent repcmeE ymbol for each j and &,tin t non i 
tingui,;.hc<l ym ts in the other rows • imi!arl with T2• Thcn~fore, for ea h j ""' , •.. ,I, ither 
h(1 t,) ~ 11( ,) for some j , or h(Af,) h , a ·ingk row. 

We carry out lhe following procc<l1.m· for 11.-i E U, 
0) At mt we rollp together 1hc !eave of cl>~ that belong to the same Mj : ·. c . we write 4iz as 
-rr.,(,.oMT"' ,M .. J>h) where i'j f r i > m i ch join of t'.ll leaves in Al1 .ind -r11 the join of lhe rest of 
he leaves. incc .4:,' nppcars only in T, we can insert the projection th. t delete. A/ for ; > m into 



the join; i.e. c!li = 'IT1,(T[1Mwz ... ,, ... +l!>L. M'ii2,-r1) by A7b, where Z.i ""' a(T,)-A/. S ppo ·e th.it.\!, 

is mapped into r.1~ using '(3) of Lemma 3.7 we change A,' into A1 in itz?• · After do'ng 1ili f r all 
M 1 with h(M,) ~• Ni for some j we move the pro,jections to Z, ·s back to the r t ~ind chcrd1y shrin 
thee. prcssion by A7a. Le'l ,ifil' bet resulting expression. 
(2) Suppose that htMr) is not in N1 fo .:my j . Then li (M1) = {u} for some k af u of ¢1 1 "hose pro
J«tion docs not contain any copy or A . We include A1 in the projection ;n w since A/ doc.~ not 
appear in any other kaf [his pr~rves q ivatence by A -b. Let $ 1' be the e.prcssion that r ;-ults 
by doing th's for all Mi that are mapped by Ii into Nr 

We have qh' ~ 4>2 and d> 1; = 4>1 provable from lhe axioms. 'Every leaf u of 4i/ (corrc:;.pond• 
i.ng to a kaf ,of ,$ 1) is mapped by l1 to a leaf ,~c,~) of qi1' that c,ontains the cop,~ (or copies if 1lwy are 
in a) of A 1 ha·r u oontai ns. 

Le,t 111 1 and ~·:i be the e:xpr ssio11s thnt are oonstn.icted from (ji,1 and !) h. doing the pre,.- ious 
procedu~ for al A E U. We hav i.t,2 ~ ~ 2 ili1 = 4>, 1, and c\rety leaf 'l'T,t,(R) of w1 is mapped m a 

leaf 'fi r,(R) of lj,1 with X1 ~ Y,. We repli1cc 1'1":r, by 11'y
1 

in each leaf cf w~ to get an e pression it,2' 

Wiilh ❖-' ~ $~ b>• A7a. Then we 1eplacc identical ka es with one f them to get l!J2" = 1r'1u = 1,li? ' 
~ l)J::? ~ (!)] (by A2). fa•cry tcaf of ❖i" is flQ\. identiC'ill to a distincl 'lea£ of !1, 1 ; Le. 

ili1 = 1l"g(a , ) for some 'I'. from A2 we have il0 (11~.) C w11 (a), and thus 4, 1 "" "11 (;; 11.r/' c; ~2-
□ 
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4. ALG [,:nr AIC OEPl(NDEi en: ' 
.Drflnition An algrbrak dtpe11de11cy i an 3S.'iertion of he torm 

+,CR) ~ <b,(i) 
~ 

here 4' 1 a d 4i z are projcc l-joi n expressioru. □ 

Example 4 . .1 The multi•,a1ucd dependencies are special cases of algebraic dependencies. In fact so 
are the far more general embedded join dependencies since the EJD n X h· . .. ,X embedded in X 
can be expressed as 

□ 

Example 4 .2 \ 'c ha e ahe:idy seen [haL the functional dependencies are algebraic. for example 
A - B can be expressed as · 

1ra 1ez ("ll'...s 1(R)~,rABp~)) ~ "R,S=(R). 

We can S.l)'. infonn lly, 1hat the :language of algebraic dependencies possesses some fonn of equa -
iey. □ 

Example 4 .J Transitive dependencies [Parndaens l 9791 ar~ alg ·brnic. For example, the dependency 
Tr(X,Y .Z) can be expressed a 

□ 

Example 4.4 Any 1empla1e depe11denry [Sadri and Ulhna11 1980] can be rend.er d as an algebraic 
dependency. t.et T be a tablea defini11g a template dependency. Let ii> be !he corresponding 
canonical shallow expression. Then the equi-,,raknt algebraic d pendency js 

- -
ct,(R) ~ 'TTa(l"J(R). 

t 

□ 

Apparcm ly. the algt-hraic dcpenden ks arc quite general ore import ·mtly. wi.; ~hall . how 
hat iJ}: U {rd i~ :.i 'it:l lf algcbr:ii dt.:p,1:nd~m:ics, and furthcrinori.: "' l"" tr (that i . all rduti ns 

sali~fying ..: rnu I al-.o "tlisfy rr) tht!!l u j., dcrivabk from~ hy A l -8. 111b. strong! • . uggi.: t that thl: 
notion of algebraic dcixmlency ; lhi;; n turn I condu ·icin of the . ~arch l1r a general a.,;,;ioma. i ·1blc 
d.ita d~~ndcncy. I 

ln order tn how lh ... ct1mplcceness of A 1-A8 ror algebraic dependencies. \l e 1r. t rcvi it me 
chase ( e all Proposition 3.1 ). The ch· sc is s.senlially a comhinatorial con truclion of a coum.ere."C~ 
o.mplc to a11 implicrition .,.. J= u. 

£.ramplc 4 5 l l u pro c p:;cud trnnsiti\·ity of MVD' (re :i.U Exampl 2.2) b u. ing the chas . 
k -=" 2. <?1 = 7i.n(R }Mw.ltu-xn,(R). $~ = 1Tn:lR)M1, rt - n:){R). G>J = 1T V'-Y) w ~ ,, where 
w = u-xrz. 

T is shown in E-i_!urc f;(a) - wh~r~ we h· \"c. for simplicit • one atuibute for each sel of an:ri
bu.tes X .Y .Z- }' and \ . r~~pccli\.·d;· ltlhcl ·d X ,Y .Z and \V. 

U we apply 6i to T.1 we oht in the rdmion 1(m lcau) hm •n in Figwrc (b); if we .tppl: d:l:i 10 

that we get 1hc ret:.uion. of Figure '(i.:). Since (; Y .Z,W) E <ti~(d> 1(TJ)) we conclude th c 
(X ,Y .ZJ\') chase (T.i) ~ 6~(<P1(TJ)). mJ hence \\'e h:i,·c shown lhal ~ I= cr3• □ 

\ c ilmo<lucc bdow ,mothl.'r Propositiol\, (f. Propci. iticm 3. l) which hew. the chase under a 
different tight ; a an a(rwb~lic con ·tructicm of a prQQJ of the i1mplic:.ition }: I'- 11 1• Thi point of 



X y z w 
X Y,. 2 w, 
X y :1 w 

X y z w 
X )'1 z H'1 

X y z, w 
X y z w. 

X y z, w 

X y z w 
X v, z w, 

X )' z, w 
X .. , ;?1 w 
X y z w 
X }'1 z W1 

X y :Z1 H'1 

Figllfe 8 

view is centr.tl in 1 he proof tha~ follow. 

W call 1/J(R) ;:i sulminuion or ~ 1 •.••• <!>~ if either 11,(R) = R or jf ~ js some <1> 1 applied ( rcru rT 
sively) to other subsliu.ttions. 

Propositfrm 4 .J (The Dual Interpretation of the Chase) 
Let X and uk . 1 be as above. lll~n X I= u I iff thc-r is a substitution !1-r of q;i 1•· . . • ~l :such thac 
<fi~+1(R) ~ ili(R) i · 3 tautology. 

Proof Jr · uch a substitution exists then, Y F ~lR) ~ R by monotonicity; bus, L I- ¢1 l ·!: 
~(R) i;;;; R O't I· 

For the olhcr direction, suppose th:u ~ I= rr + 1• By proposition 3. 1. ch.ise (T.1 1) contains 
the tuple (A JJ .. __ .z). We slmM assign a substitution wt to each tuple t of chasc(T 1}. If l E T. ~ t• 

then$:= R. Othcrv ire,, wa:s obtained b;· npp1yin~ some J.i to lupks t 1, •• •• r,. Then !.Ii, i d•fincd, 
recursi\'ely as $1 applied o ~1

11
, •••• ~ 11 • <YN kt iti be the sub&tilut.ion :i.ssoci:11~cl with (A ,B •... ,Z). 

We cl1.1{m that lfi.t i(R) ,;;;; •HR), is a rnucolo,!,!y. But this foUow- from a result of IAho el al. l979l, 
which ta.h.>s thal $~+ 1(R) k l),(R) iff (A ,B , ... .Z} E dr(TH t); and lhis is t Uc by the- con$truc:t.ion of 
¢r . □ 
E:mmple 4.5 (continued) To ~now that {cq.o-J F G'J it would suffice to obl\Cl'VC that the follow~ 
ing inclu~iciu is t Huoloy.ic.1lly rruc. 
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C 

The right-h.ind expression is recognized as the ·subMilution - o{ 4'l and R into ~ 2 - which 
eaorrespoi::u.h to the tupl • (A .B , ... .Z). □ 

We Iii w cmbnrk on our proof of c mplcten~ss of our a ·iomaC.ic system. Recall the set F of 
functional di.;~ndendes defined jn the prt:viou. section: F_ = {Ai - AJ : A E U. i ,j = 1,2, ..• ~. As in 
lemma 3.4, a set of algebraic depcm.lencics }: - {q,,(R) C 1/,,(R) Ii = 1 ... n} logically implies 

,r 

another dependent}' a - q>N 1(R) ~ ~,,+ l(R) if and only if L' U f I=- rr', where I' and ll'' are 
~ 

,as I and a with k replaced by ~-,, 

Theorem 4.J Let c:r, ~ 4'i ,(R) ~ ..ir,(R), 1 = l , ... ,k+l be algebraic dependencies. Then any impLi-
t -

cation I. = {cr,. . .. ,o-1} f= cr. +t can be pro ed by the A. ioms Al-A8. 

Proof let X be the set of auributes thal Pf)l'n.r in the ai' . From our pre\'ious discu fon ">' F a 
·rr i' U F F- a 1 wher er' and ~• are dependencies of the form <b(l) ~ iv(J) where / ranges over 
an rclat.ion$. on X. 'The chase i. a d1:ci ion procedure that can be apptied u!so for dependencies of 
lhi form. h1 this case, we st, rt with lh~ lablt"au Til = T .:. ••• oo:rrc mling t · 4i Tl (patldt"d with 

di:tinct mmtli!-olingui hi.:J v,1riablcs w the sec X of , Urihul1..1i). l11c rule for FD"s is as in Sci.:tion 3 , 
The nilc fur a cp1:nr.lcm:y c!i,(I) C '1i1(/} i-; as follows. uppt1sc lh,1t rhcrc is a \'3.luation p from T1;, 

into che current t:t~lc-au T - p ran map ifoaing.ui~hL-d to nnndistingui~hcd . mbol • i.'". illl w~ 
require i · lh.tl p(s(Tt.)) 4>1(T). Ext nd J lo the nondistinguislu.'tl 11•.iri.ibk of T~. by a~ig.nin~ lo 

ench one of them .a distinct non<listingui.-he-d urinble that doc~ not appear in T. n applic:uion of 
the rnle for '1,(/) C i!,1(/) is the mluilion to T of the FO\\ of r <- with this valuation. The chase of 

I 

To undc a 5et of dcpe-nd•l.'ncics is the f .ult of the repeated application of these rul to Tu: nok that 
the chrisc mi~ht b<! an infinite t;1bknu. w .... • LJ F a' iff there is a valuation from T •·• to 

drnse~.U,i< (T 0 , • • ) lhat m;ips Ji~linguis.hed ymhols to distingui h: d symbol· (::i h · momorphi m). i .. 
if and only if s(T0,) E lb + 1(diase~·u (T0 .. J. 

Sup(X'ISC now 1ha1 ~• LJ F F '. Then there is a finit n uch ·that I.he tableau T ' that 
re- ult - artcr the applic:mun. ol' ,, rules con ,,in the im:11::t" of a ,·aluation of T.i,~_

1 
that pr~r,.res dis,. 

tingui$hcJ .pm :lL (i.c_ a homomorphism). Let u corutru t the 1:hasc by a1 plying the FD' as far 
as p:K<iiolc 1-ictwc~lil any two conscculi e applic:.Ukln fa nM for ii. dt:p:11d~n9 of}:'. That is, we 
have a se4ui.:nl"c of t..ibli:au. To= T~

1
•

1
• To', T1, T1', ••• ,T4 , T,/, where 7j' = chase1 (T,) and Tt+I i 

obt.1incd Crom T; · by singk applic tion or a rul · for some rr/ E _:_ Let x1 be the canonical hal
low cxpre~\.lon for Ti (and Ti ). Fmm L mL1l:I 3.8 w1:: _h 4> l ;;; xo prm1ablc from Al-A . Since 

~ 



there j a homomorphism from T into T I we hai.•c ;x,. c itiu and from Theorem 3A this idcn -••· ~ 

tity can be pro,·ed from Al-AS. Thus, it. s~ifi:c t,o prove th.at x1 ,~ x, 1 can be d rived fmm ! 
~ 

using A1-A8. Our proof uses essential y the ideas of Proposition 4. , here the substitution mu t 
take into account that the dependencies are not full. 

Supr,ose that Ti I is obtrun-ed from T;' by an applica[ion of the rue for dependenc)1 u,. For 
each auribute A1 in a = a(cl;li) - a(-1,;) we introduce one new attribute A/ 1hat dcx-s not appea.r in 
X ot Xi- Le a' be he set of these new anributes. L,et p be a va]ualion from T6 into T,'. [f 

X = 'ii!!(~ >[M'Trr) , let fl be ,rii' -'- ) U . [~1r2:)• where 21 con ains Y, and those atcribuccs A1' for 
• I J ' I -,,,.~• I a t ' 

which am of T~ mapped by pinto t has a distinguished symbol in A1• 
j 

Let 4,j , ·i,111 be ~; and I/Ii ·111 the attributes in a renamed into a' . From Lemma 3. 7 we ha.,, 

4>1P4.( ~ A:A/) = (4'1) •• and !111M( M A1At'), = (*j) ,• Thus, from <f)J ~ !Ji; we can derh 
A1E,a ,t1 ar,:i.,, A1lo ~ <t~ • 

(using Al~A8) that (c!>;} _ . _ (iji1) ,.. Bu iJ = 'n'11• [(<f>;) ,] and ~J = 'l'fa • [ _'~} , I . 
11 - , II' _ _ , _ a!,m , { Ja lc-,a ] 

Thus . from Theorem 3.4 we can derive ,(j)J ~ 1(11• l.e,t 8j = 1r11.i8,. The aluation p is now a 
.,. - - -

homomo,phism from Ti into the chase under .F of Ti. Thus, 81 ~ ♦1 _ .i,1. Therefore., from 
-, l <E, f 

Axiom A2, 8i = 1llrM1ta•81 ,;;; e M$;, and 'IT1tl<t> •• d(81 ~ 1TQ(♦i*l)(6it>1i1>· Si ce p was a valuatfon 
C f r 

fr,om T () into T/ the canonic.a shallow expression for Trg(<l> \(0;) is Xi (Le. h chase of tta'!lt ({Ii) 
,J i+ I \ l•I -

under F will mot identify any S)-mbo1s of T;' ),. Thus x, = "n"g(,1,,.
1
)(81) . On the other hand the rules 

,c -

for the FD"s v.-iH oopy th portion of T.,, that is in the ~Uributes a' in the 1abkau T for - , -
'ITo(t*_, )(61M~1) into the attributes a. Th..:refor,e. the ,hascF of T (restricted to X) Y ill be exactly 
T: l, and x1 1 - 'l't.i ~ )(ejNij,1). Thus, xj ~ :x,; 1 ,can be de \ 100 from a, and the a.xioms. □ 

I~ •• I C 



5. EXVRE. "JVE VOWER 

In thi Sect.ion we briefly eX,.1m:inc alg4':braic and 1datcd depend 11cies from a modcl-the-0retic 
viewpoint . In order 10 prove an interesting re ult. we are forc~d to expand our o!g.ebraic language 
lo contain the operations of union and difference. The goal ,of this section is twofold. First. by 
e hibi.ting lhc power of lhc cxpandi.!d \;inguage we further justify the usefulness of ··cquatiomd" 
dcpcndenci • such .i nlgebraic dependencies. &."COnd. we point the way toward a hos1 of interest~ 
ing -open modd~theoreti questions concem·ng data dependencies. 

Let P ~ 2D f-'l D(B )x · be a pliedkate on finite relations. We say th.it P is domain-independelll 
if, •hcnever REP and h is a set or pennutations of D(A)J)(B) etc. then h(R) E P. UP is domain
indcpc dent, it~ rnJe;-c is the number of equ1valenc dasses in which P is divided if one consider 
R -=;R' whenever R.' i a ··renaming" /1(R) of R as abo\'c. 

Theorem 5.1 Let P be any domain-ind pcnd~n1 predictUe: of finite index. Then there i an xpres
sion ¢,,., O\'Cr projtct join, union and diffe .nee such that 

R E P iff ~r(R) = R. 
~ 

Proof Let el,-£~ •... , £'" be 1he equivatence classes of P. For each EJ w .are going to construct an 
expression t.1 such that for al1 relations R 

fR if REE; 
E.;(R) = \0 oilzemise 

"' -The Theorem woLlld then ronow, since U Ej(R) would be the required expression for P . 
/• J 

Consider therefore an equival~u.c:e da: E1. lntuiti\1el)', ff REE, then 
a. R has a fi ed number k.i of tupks, and 
b. R's tupl conform to a fixed "pattern". 

Let us fi it construct an exprc sion <i>.1: such that 

_ {R if R luu k Hlpl-e.s 
<?1:(R) - 0 othemise. 

Considc; the cxprc~ ion 

♦ '(R) ""' wu, 1(R1~R!·· R1; - LJ R.R, M( R1)) 
l:Sl<1:ii l ~ l ~ J 

Here R1 means ir11, i), 1he i th copy of R. Then we lrl:ri.•e 

- {R if R lw_s u1 lea.SE k tuples 
.a.. '(R} = 
'i't 0 othen~·isc , 

because if R h k tupk· , 1 •.. •• t then the join contain a tuple (1 1• t~ • •• • • 1 ) . nol cona.:i.incd iri the 
union~ similfl rly for th-.: tuples I t;. tJ, • •• • i1 . ft), etc. On the other hand. if R has fowcr than k 
tupk- . llu:-n [ht: Join is a subset of lhe nion . Finally. we m:-iy define 

Lei now, = ir1 • • •• • I) be any rdation in Er 

Let the domain clements of A that appear ~n r be a., a2, et<:. We define for CJch h:i,ki the 
follo~ 'ing subset of U: 



The first pan of t.1 guarantees that R has k1 rows.. The ;r1a argument of the union is either empty. flr 
·the relatiol]l oonsi ting of the 1'1" row of r, in ca.-.c that there is a m;ippin° 11 from tlw uomains of R 
to those of r that creaitcs all rows of r. The second prrrt of each a:r£urncnc prevencs any two dofuain 
elem.en[s lo be mapped by h to the same d.9main element of r. and chus h ha to bd a rea.imjng. 
S' nee R has also k1 rows, it follows. that "1(R) :i::: R if and only i r R is a r~nami ng of r, and EI R} is 
mpty otherwise. This completes the oons..t.ruction and the proof. □ 

Example 5./ 

Let r = {(nhb1) (a1 ,b:z), (a2,b3)}. ie; is as shown. 

E1(R) = ~3(R) M [r.A.S1 (A tB\ M A 1B2 Jl< A~J t1 ~) LJ 

'll'..tlB.1 (A1B1 ~ A.1B1 ~ A_BJ M 6) LJ 

'rr~l (A1B1 M A1B2 [i4 A~3 N z;,)] • 
where 6 = (A 1MA2,-A. 1Ai) M (BtBz-BtB:) M (B~J-B~;1) 

and 4-3(R} = [R - wu
1
(R1MR2PiR 3-(RtR2f:\':lR3)-(R 1R3MR2))] -

- [R-11r, I (Ri~R_ -RtR2]].□ 
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6 E un.umm IMPUCATI01 At Dl·]•tNnE~cu~ ' 
An emh~ddl•cl impl1(·micm1Jl d1 ·1wmt(•,u : (l:.U)) 1r•;1gin 19."0l is a &·mcrn::c uf lhl" fnm1 

1("a'1 · ··.t,,.){(A1M~··· ~l-t- .'1·· •) " )i(IJ1A···NJ, ). 

Each f tht: A/ s aml B;'. is of the lonn cithi:r (u) : = w for 5olllc s j .s r .md =. w U'1• or 
(b) R( 1, . .. ,:1 ) fo:r some :1 E V1, j= l •...• r , where R is the onl ' r- ry relation symbol and 
V., . • . , V r are dis joint set of varii.iblc . 

lntuiti ely. an E]D sa that if c'rtain tuple. exist in the rdation R then (a) certain pairs of 
domain elements must be itlenUficd and {b) rome tuples must exist in R . 

Theorem 6.1 For C\/Cry embedded imp!ic:ntional dependency there is an equi 3.lenl algebraic d pen
d ncy, and ice-vi.:rsJ.. 

Proof 

i(l) Let 10- be an rnbcddcd implicational cirndency, and I t C 1, ... ,C, be th attributes of 
R. Let X be a set of .it ributes that contain l\•JI distinct copies or au.ribute C1 .f R one for each 
"Variable in V1 and let Y be lhe subset of X which corresponds to variables that appea:r both in some 
Ai and som Br \ e shall construct two prnjcc1-j0Ln expre~ions qi,, \II 011 X with o(<f>) = a(!J,) = Y 
such that er hot for a relation R if and onty if <b(R) ~ •HR). The e:xpre. ions <ti and '1, are shallow 

~ 

of the form <I> = 1Tr(wL
1
M · · · 'll"z.) and ib = 1r., ( ,;i•1M · - - ,r J If Ai resp. B,) is, of the fom1 

2 = w for .: • w E VJ• then Zr (r p. Wi) is CJ C/ where C/ ,C/ ' are the copies of CJ in X tha 
correspond to ~ and w. lf A, (resp. Bj) is o the form R(~ 11 ••• ,:,.), hen Z1 (resp. ~ , ) is 
C{C1:' · • · C,' where C/ is he copy of CJ in X that corrcspon to ;i for j= l, .. . . r. 

Let I be an X•tup!c. I p ojc,ction Ir is in lb_(R) if lz, is in wz,(R) . If Z1 = C/C/ ' hen, ,e 
n ust ha\' tc • = t c .. . Thu a Y - tuple u i ill di ( R) i ff there is an ssign mcnt of values to th rest 

' ' of the variabl.es in the A/ s so hat the !eft-hand side of a i tlsfied by II af"ld thi a ign ent. 
Similarly with ljl. Therefore. <f,(R) ~ \jl(R) if and only if a holds in R. 

r 

1(2) Let <f>{R) ~ ~(R) be an algebraic depend ncy. Let T6 • T'41 be the tableaux of tfi and ljJ and 
" let u sumc with ut ] or eneraJty ihnt the nly common s mbol. ar th disfngui hed ones . 

For each rm I of T 6 we ha e a variable x1 ; nd for h ;rmbol of T ,:i that does not. appear in T 
a ariabl.e Yr Th lcfl-hm:id "de of an EID o OYCr h1; .t/ ntl y/ s i con tructed · folio-. . For 
every row r of T .i, . 11 ha one A, of the fom1 R (:I· . . -=~). wh r the z,°s correspond lo the ymbol oft 
in the first copi-.: of U . and. dditional A ·s of rhc form ; = u- 1th.it equate variables that corrc ·:pon co 
symbols of I in diffe rent copie · of th~ arnf:._aUril u1£. The right-hand idc of o- is onstructed sim:i• 
larly from 1/1 . h i ca I sec then th:u di (R) ~ l)J(R) iff u holds of R . □ 

< 

Fag.in dcfo, e<l .in operation on rcliltion o~·cr the same set of att 'bu1 as follows. Le1 
R 1 ,R: · · · be such n:lati n . The fliret·t prothu:1 of R t•R!. • · · • denoted as ®<R 1 .R:.. , · · • >, is 
the rdacion 

(( <a1.a,-: .·· ·> <b1.b! , ... > • ... ,<di ,d2,· ··> ): 

(ai,l') .. . .. ,dj ) E R1 for j= 1,2, ... }. 

The dir~ct product i c. scnti;1Hy th· Carte ian product, cornpn.-sscd t th same number of anribul 
as the original rdmion ·. 

lt i ea. ' t ~ that conmn tc with w. M. - ( c. tension of a relation), and d1u for all 
~lgebraic cxpn.·. ·ions i!, m·,cr cx1cndl!d relation 

c!i(0<R'1.R •. ···>) =- ©<~(R1),<!>(Ri), ... >. 

Furth~nnt, c. ® is. componctwise monotonic \\lWn .:!pplicd to nonempty relation . That is. 1f 
R1.R~ · · · J? 1'fl.-:. ', .. · · are not empty thi:.;n 
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A predicate p on relations is caned fairh/111 with re :pect to dfr Cl product (lFaiin 19 n "f p hold. 
of ®<R 1R_,-··> if and only if it hold of each R, (wh never all R;'s are nonempty}. The 111:xt 
Jemma follows norw fr m the discussion above. 

~t'mma 6./ [Fagin 1'980) Algebraic dcpende·nci are faithful with n.: peel m direct product. □ 

Lee i be a · l of predicat (of some class C) on relations. An Armstron relation of X (, rt 
C) i a relation R· such that, for all o- E C , R satisfies a i.ff _ 'l:::, a-. 

Corolla')' [Fagin 1980). Any sc[ l": of algebraic dependi?ndes has an Armstrong relution. 

Proof lcl a., u 2,... be ail algebraic dependencies that are not implied by !. Let R, a counterex
ample to 1he implication 2 ~uh and let R =:a ®<R 1.R2 ••• >. incc 1hc empty relation sali fies all 
.algebraic dependencies. rhe R,'s are nonempty. Thus it follows. from lemma 6.1 lhat R is an 
Arm.strong relation fcu I. □ 
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